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CESARO SUMMABILITY OF DOUBLE SERIES 


BY MARGARET GURNEY 


1. Definitions and Notation. The familiar Cesaro transform of 
a double series }>77;, -1 ui; is given by 


a B 


where 


i,j=1 a 


The series isi is said to be summable (C; a, B) to S if we have 
=S; to be bounded (C; a, B) if | <const. for 
all values of m and n; and to be ultimately bounded (C; a,8) 
if lim This definition holds for all values 
of a and 8, real or complex, except negative integers, the bi- 
nomial coefficients being defined as usual in terms of the gam- 
ma function; however we shall be concerned only with real 
orders greater than —1. 

A special but important type of double series is that for which 
ui; is factorable, say 


(3) = ViW;, (i, j = 2, 3, 
Defining 
(ms —1 (n+B-j 
(4) ( +a ) w® = B wi, 
i=1 a j=1 B 


we have, by (2), when (3) holds, S%;9 = V@ W®, so that, by (1), 


(a ,8) ~ (a) ~ (8) 
(5) Sm = Vn Wa , 


where the factors in the right member of (5) are, respectively, 


the (C, w) transform of }>v; and the (C, 8) transform of >>u;. 


2. Examples. The relation (5) enables us to obtain very easily 
examples illustrating the following statements. 
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THEOREM 1. There is a series ).u;; which is summable and 
bounded (C; a,8) for every a>0, B>0, while (a) each row and 
colu:nn of >.u,; has bounded partial sums and (b) each row and 
column of >.u;; is non-summable (C, y) for every y>—1. 


Let = —1 and v;=2(—1)* when then 
and do is, as is well known, summable (C, 6) to 0 for every 
5>0.* Let }-w; be any series whose partial sums are bounded, 
and which is non-summable (C, y) for every y > —1.f It is easy 
to show that the series whose general term is given by 


= ViW; Wi; 


is summable (C;a,8) to 0, and satisfies the other conditions of 
Theorem 1. 


THEOREM 2. Corresponding to each pair of numbers a and B, 
a>-—i, B>-—1, there is a series ui which is summable and 
bounded (C; a,8) while (a) each row [column] is unbounded 
(C, B—8) [(C, a—8)], (b) each row [column] is non-summable but 
bounded (C, B) [(C, «)] and (c) each row [column] is summable 
(C, B+6) [(C,a+6)], for every 5>0. 


Let 7; = —1 and v7;=2(—1)‘ wheni>1, as before. Correspond- 
ing to a number y > —1, let ).w;™ be the series having 


— 1 


for its sequence of partial sums. Then )-w;” hast an un- 
bounded (C, y—4) transform, a non-convergent but bounded 
(C, y) transform, and a convergent (C, y+6) transform. These 
facts and properties of }-v; enable us to show that the series 
whose general term is given by u;;=2,w,; +w;v; is summable 
(C; a, 8) to 0 and fulfills the other conditions of Theorem 2. 


* Sv; is bounded (C, 0) and summable (C, 1) to 0; it is therefore summable 
(C, 5) to 0 for every 6>0. See Zygmund, Sur un théoréme de la théorie de la 
sommabilité, Mathematische Zeitschrift, vol. 25 (1926), p. 291. 

+ An example of such a series is =w;, where w; is the coefficient of x/ in 
the series }-#.o(—1)’x”!. See Hardy, On certain oscillating series, Quarterly 
Journal of Mathematics, vol. 38 (1906-7), p. 286. Hardy’s result shows that 
>> w; is not Abel summable, and non-summability (C, y) for every y>—1 
follows. 

t See Knopp, Unendliche Reihen, 3d edition, 1931, p. 496, Ex. 2. The dis- 
cussion is given for y =k, an integer, but it holds also for any real y> —1. 
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3. Necessary Conditions for Summability. We now give two 
necessary conditions for summability of double series. 


THEOREM 3. If a double series is ultimately bounded (C; k, 1), 
k and | being fixed positive integers, then each sufficiently advanced 
row [column] is bounded (C, 1) [(C, k)]. 


By the ultimate boundedness (C; k, 1) there exist constants 
K, M, and N such that [S&P | <K for m>M, n>N. Fix 
m>M-+k-+1; then for every n>JN, <K, for r=0, 
1,2,---,+1. Moreover, we have 


m—T k 
m+k—r—1 
n K, 
| k ) k 
and 

k+l R+1\ | 
1 ¢ n 

( r ) k l ) 


k+1 k+1 
) = 2K. 


r=0 r 


The product of ‘ek Sie by the sum on the left is the (C, 2) trans- 
form of the mth row of the double series.* This row is a simple 
series which is ultimately bounded (C, /) and therefore is 
bounded (C, /) as was to be shown. 


THEOREM 4. Jf a double series is summable (C; k, 1), k and l 
being fixed positive integers, then each sufficiently advanced row 
[column | is either (a) summable (C, [(C, k+8)] for every 
5>0 or (b) non-summable (C, y) for every y>—1. 


This follows from Theorem 3 and the result of Zygmund, loc. 
cit. 


Brown UNIVERSITY 


* This is seen by equating coefficients of x”y" in the identity 
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RESULTS AND PROBLEMS ABOUT n-WEBS 
OF CURVES IN A PLANE 


BY WILHELM BLASCHKE 
If 


= u(x,y), y* = v(x, y) 


is a topological mapping of the x, y plane, we call the function 
u topologically equivalent to x in this plane. Let us assume n 
such functions /;(x, y), (¢=1, 2,---, m), in the same simply 
connected domain D. We have there m sheaves of curves 
t:(x, y)=const. We call this figure an n-web if two curves of 
different sheaves have not more than one point in common. We 
suppose the functions ux(t;) to be continuous and _ strictly 
monotonic, so that for all pairs ¢;¥t?, we have uj.(t)¥uz(t’). 

It seems to be interesting to study u-webs satisfying the con- 
dition that there are such functions u;;(t;) satisfying identically 
in D the relations 


(1) > ui(ti) = const., (k = 1,2,3,---,m). 
i=1 


We call these equations (1) linearly independent, if the identi- 
ties 


(2) = const. 
k=l 


imply for the constants c, the trivial solution c, =0, (k=1, 2, 3, 
- , m). The following theorems hold. 


THEOREM 1. A 3-web satisfying one condition (1), (n=3, 
m =1), is topologically equivalent to the tangents of a curve of class 
3 (irreducible or not). 

This was essentially found by Graf and Sauerf in 1924. 
Howe and If, in 1932, proved the following theorem. 


7 H. Graf and R. Sauer, Miinchener Berichte, 1924; W. Blaschke and G. 
Howe, Hamburg Abhandlungen, vol. 9 (1932); W. Blaschke, Téhoku Mathe- 
matical Journal, 1933. 

¢ W. Blaschke and G. Howe, Hamburg Abhandlungen, vol. 9 (1932). 
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THEOREM 2. A straight lined n-web satisfying (at least) one 
condition (1) is necessarily equivalent to the tangents of a curve of 
class n (n=3). 

Our result contains Theorem 1 as a special case, because a 
3-web satisfying the equation 


U, + U2 + uz = const. 


is equivalent to a special straight lined 3-web (hexagonal web), 
as we see if we assume z; and m2 as parallel coordinates. 

Howe observed that the following Theorem 3 is equivalent to 
S. Lie’s results about the surfaces, which are translation surfaces 
in different ways. 

THEOREM 3. A 4-web satisfying 3 linearly independent relations 
(n=4, m=3) is equivalent to the tangents of a curve of class 4. 

A geometric interpretation of one condition (1) for a 4-web 
has been given by Bose and myself.t Bolf discovered a short 
time ago the following result. 


THEOREM 4. The maximum number m of linearly independent 
relations (1) for an n-web is 


— 1)(n — 2) 


(3) m = 


Almost equivalent to a theorem of Reidemeister§ are the 
following. 


THEOREM 5. A 4-web satisfying 3 linearly independent relations 
(1) with ui:=0 is equivalent to 4 pencils of straight lines, no 3 of 
the 4 vertices on a straight line. 


THEOREM 6. A 4-web satisfying 3 relations (1) with u;:=0, 
(t=1, 2, 3), only two of them linearly independent, admits a con- 
tinuous one-parameter group, the ts=const. being paths. 


But between the proofs of these theorems there is an essential 
difference. Only Theorem 1 and the greater part of Theorems 
5 and 6 are proved without any further restrictions for the 
functions ¢;, ui. The proofs already known for Theorems 2-6 


+ W. Blaschke and R. C. Bose, Indian Physico-Mathematical Journal, vol 
3 (1932), p. 99. 

t G. Bol, this Bulletin, vol. 38 (1932), pp. 855-857. 

§ K. Reidemeister, Mathematische Zeitschrift, vol. 29 (1928). 
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contain regularity restrictions. Therefore the first problem to 
be solved is the following one. 


ProsB_eM A. Do the Theorems 2-5 remain valid without further 
regularity restrictions? 

Another question unsolved as far as I know is the following 
one. 


PROBLEM B. To extend our Theorem 3 to n-webs. 

These problems seem to be interesting because, for example, 
they contain a kind of real geometrical interpretation of Abel’s 
theorem on algebraic curves. 

Finally a few words about more dimensions. The questions 
about webs of surfaces 


Si(x, y, 2) = const. 


in a 3-space can partially be reduced to our theorems on curve- 
webs in a 2-space. But if we consider sheaves of curves 


s(x, y, 2) = const., y, z) = const. 
in a 3-space we may ask, for example, the following question. 
PRoBLEM C. How many essentially different relations 
t1) + te) + u3(s3, t3) = const. 
can exist for a 3-web of curves 
Si, = const., (i = 1,2,3), 


in a 3-space? 
This seems to me to be one of the most promising fields of 
geometric research. 


THE UNIVERSITY OF CHICAGO, AND 
THe UNIVERSITY OF HAMBURG 


— 
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SOLUTION OF THE ZARANKIEWICZ PROBLEM* 
BY E. W. MILLER 


1. Introduction. In 1925 C. Zarankiewicz{ proposed the fol- 
lowing problem: Js every acyclic continuous curvet homeomor phic 
with some proper subset of itself? It is the purpose of this paper 
to show that the above question is to be answered in the nega- 
tive. 

Our result will depend upon the following theorem. 


THEOREM. The acyclic continuous curve S is homeomor phic with 
no proper subset of itself if it contains a set K such that (1) each 
point of K is a fixed point with respect to any (1, 1) bicontinuous 
transformation of S into a subset of itself; and (2) each point of 
S of (Urysohn-Menger) order >1 lies on an arc of S whose end 
points are points of K. 


ProoF. Let p be any point of S of order >1. There is an arc 
a,a2 in S which contains p and whose end points are points of 
K. Let T be any (1, 1) bicontinuous transformation of S into a 
subset of itself. Since 7(a:) =a; and 7 (a2) and since there is 
just one arc in Sfrom a; to a2, T must carry d1d2 into itself. Hence 
there is a point q of a;a2 such that T(g) =. Thus the subset of 
S into which T carries S must contain all points of S of order 
>1. As these points are dense in S, this subset must be S itself. 

Our problem, then, is to construct an acyclic continuous curve 
which satisfies the conditions of the above theorem. We shall 
first define certain auxiliary sets E,,,.,...2,.- 


2. Definition of the Sets E,,2,..-2,. Within a linear interval ab 
choose points a, so that @n41:<d, and lim @,=a. Within each 
interval @,4:@, choose points dnm sO that @n,m<@n,m41 and 
liM n= On,m =n. At each point a, and dn,» erect a perpendicular 
to ab. Take these perpendiculars so that for any «€>0 only a 
finite number of them have a length >e. The set of points ob- 
tained in this way will be called a set E;. The point a will be 


* Presented to the Society, October 29, 1932. 

¢ Fundamenta Mathematicae, vol. 7, p. 381, problem 37. 

t The term continuous curve is used throughout the present article to mean 
a compact, locally connected, metric continuum. 
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called the origin of E, and the perpendiculars which we have 
erected will all be referred to as perpendiculars of rank 1. It is 
clear that E; is an acyclic continuous curve. Everything will 
be the same in the definition of EZ, except for this one change: 
the points are taken within so that @n,m41<@n,m and 
On,m 

Let us now suppose that we have defined sets E,,2,..-.2,, where 
x; (¢<k) can have either of the two values 1 and 2. Let us sup- 
pose furthermore that we have defined the expressions origin of 
E,,2,---z, and perpendiculars of rank k of Ez,z,-.-2,. We suppose 
finally that E,,,,...2, has been so defined that it is an acyclic 
continuous curve. To define the set E,,,,...:,1, we proceed as 
follows. We replace each perpendicular of rank k of E,z,2,..-x 
by a set E,; whose origin is the foot of that perpendicular. 
Furthermore we do this, as we clearly can, so that the resulting 
set E,,,,..-2,: is an acyclic continuous curve. By origin of 
E,,2,---z,1 we will mean merely the origin of E.,;,-.-2,, and by 
perpendiculars of rank k+1 of E.,2,---2,: the perpendiculars of 
rank 1 of the sets EZ, employed in obtaining £,,:,..-2, from 
E,,2,---2,. Everything will be the same in the definition of 
E.,2,---22 except for this one change: in obtaining £,,2,...z,2 
from E,,,,.-.z, we shall employ sets E, instead of sets Ey. 


3. Construction of an Acyclic Continuous Curve which Satis- 
fies the Conditions of the Theorem. This construction will be 
achieved through the use of the following sequence of sets: 


Let us first re-label these sets in the order named as 


We begin with a set W, whose origin is a point a and adjoin 
to it three line segments ac, ad, and ae so that the only point 
which any two of the sets Wi, ac, ad, and ae have in common is 
the point a. Let us denote the resulting acyclic continuous curve 
by S;. We now consider the arc in S, from each end point of S; 
to a. There will be a first branch point of S, in the order from the 
end point of S; to a on such an arc, and the portion of the arc 
from the end point of S, to this branch point is a line segment. 
Denote the mid-point of this segment by x. We obtain, of course, 
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a countable infinity of points x. With this countable infinity 
of points we associate in a (1, 1) way* the sets of odd index 


Ws, Ws, Wz, --- 


and take x as the origin of the associated set W(x) in such a way 
that S,; and W(x) have only the point x in common. Also we 
attach to the point x a straight line segment having x as one 
end point and having only x in common with W(x)+-S;. All this 
can clearly be done so that the resulting set S. is an acyclic 
continuous curve. Now 5S; will be related to S: in the same way 
as S, is related to S;, except that we make use of sets Wo2m+1) 
instead of sets Womn41. In general S,4: is related to S, in the same 
way as S, is related to S,_1, except that we make use of sets 
Wo-+(2m41) instead of sets Wn-272m+41). Now constructions of the 
general type just described are common in the literature and it 
is well known{ that such a construction can be carried through 
so that the closure of the sum of the acyclic continuous curves 
successively obtained is itself an acyclic continuous curve. We 
may suppose then that S=(}°7_,S,) is an acyclic continuous 
curve. 

It will now be shown that S satisfies the conditions of our 
theorem. We notice first that any branch point of S is either of 
order 3 or order 4. The points of order 4 are the point a of S; and 
the points x which arise at successive stages of our process of 
construction. We will denote the set of points of order 4 of S by 
K, and it will be shown that K has the properties of the set K 
in our theorem. In fact, it is obvious from the way in which S 
was constructed that K has property (2) of the theorem. We 
need only show that it has property (1). 

In the first place, we notice that if T is any (1,1) bicontinuous 
transformation of S into a subset of itself, 7 must carry each 
point of K into a point of K, since no point of S is of order >4 
and K contains all points of order 4 of S. Let us suppose that 
there are two distinct points gq: and g2 of K such that T(qi) =e. 
Let us suppose for definiteness (the argument is similar in the 
opposite case) that the set W which has q, as its origin is of 


* It is clear that this (1, 1) correspondence can be made perfectly definite. 
{ For a similar construction and proof that the result isan acyclic continu- 
ous curve see K. Menger, Fundamenta Mathematicae, vol. 10 (1927), p. 108. 
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lower index than the set W which has @ as its origin. If we con- 
sider any point q of K we notice that of the four essentially 
distinct arcs of S which meet in g just one has the property that 
the branch points on it have g as limit point. Let us denote this 
arc by gb and take the point 5 so close to g that gb is a line seg- 
ment and contains no point of order 4 other than g. Let us now 
consider the arcs qib; and gebe. It is clear that there is a sub-arc 
gibi of qib; and a sub-are gob? of such that the transform 
of gibi is g2b¢. Any branch point of S on q,b/ is transformed into 
a branch point of S on gob? . If W(g:) = Wi, we see that we have 
already reached a contradiction. For Wi=E,; and W(q2:)=W,, 
= E,...;, which means that g:b/ contains branch points which 
are limit points of branch points from the left, while gob? 
contains no such points. If W(q:) = We, we fix our attention upon 
some one branch point of S interior to q:b/. Let us denote this 
point by 7; and the corresponding point on q2b/ by re, and con- 
sider the perpendiculars to g:b/ and g2b/ at r; and re, respectively. 
Denote these perpendiculars by 71s; and 7252. Now since W2 = En, 
r, is a limit point along 7s; of branch points of S which are in 
turn limit points of branch points of S from below along risi, 
while r2s2 contains no such points since W(q2) = W,, = Ez...1. It 
is obvious that the argument exemplified above can be extended 
to apply to the general case where W(q:) = W,, and W(q2) = Wn 
whether »<m or m<n. It follows that g1=q if qi: and gz belong 
to K and 7(q:) =@. 

In conclusion it may be remarked that it is possible to con- 
struct an acyclic continuous curve which contains no point of 
order >3 and which is homeomorphic with no proper subset of 
itself. We need only employ sets Eo, Eo, Eon, - + + instead 
of sets E;, En, Ex, --+-. The proof will involve only a few 
more details than the proof given here. 


THE UNIVERSITY OF MICHIGAN 
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A PROPERTY RELATED TO COMPLETENESS* 
BY J. H. ROBERTS 


In 1926, R. L. Moore presented the following axiom. 


Axiom 1’. There exists a countable sequence G,, Go, G3, - - - 
such that (a) for each n, G, 1s a collection of domains covering 
space, (b) if P; and P2 are distinct points of a domain R, there 
exists an integer d such that if n>d and K,, 1s a domain containing 
P, and belonging to Gn, then K, is a subset of R—P2, and (c) if 
Ri, Re, Rs,- + - is a sequence of domains such that, for each n, R,, 
belongs to G, and such that, for each n, Ri, Re,- - - , Rn have a 
point in common, then there exists a point common to all the point 
sets Re, Rs,- .T 

Moore has given an example of a non-metric space in which 
his axiom 1’ holds true. He raised the question as to whether or 
not a metric space in which his axiom 1’ holds true is complete.t 
The present paper answers this question in the affirmative.§ 


THEOREM. A metric space S in which axiom 1’ holds true is 
com plete. 


Proor. Let 6(x, y) be a distance function defined over the 
space S. Let P be any point of S and let m be any positive in- 
teger. Either (1) there is a domain of the set G, which contains 
every point y such that 6(P, y) $2, or (2) there exists a greatest 
number k (k $2) such that if r<k, then there exists a domain of 
the set G, containing every point y such that 6(P, y) <r. Let 


* Presented to the Society, April 11, 1931. 

t This Bulletin, vol. 33 (1927), pp. 141. 

t Aspace S is said to be complete if there exists a definition of distance such 
that every sequence of points satisfying the Cauchy condition has a limit point. 
A sequence of points P, P2, - - - , ina metric space is said to satisfy the Cauchy 
condition with respect to the distance function 4 if, for every positive number e, 
there exists an integer m such that 5(P,, Px) <eif k>n. 

§ The present result was obtained about September 1, 1930, and was re- 
ported to Professor Moore at that time. I purposely delayed publishing the 
paper in order that it might not appear in advance of the publication of his 
book Foundations of Point Set Theory. Later in the fall of 1930 Leo Zippin ob- 
tained a theorem which, with other theorems in the literature, yields the result of 


this paper. 
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2w denote 2 or k according as the first or second condition 
holds true. Let C(P, m) denote the set of all points y such that 
5(P, y) <w. The number w will be called the radius of C(P, n). 

NoraTIon. If x, y, and Q are points, let f(x, y; Q) denote the 
maximum of the two quantities 5(x, Q) and 6(y, Q). If nm is a 
positive integer, let r(Q, m) denote the radius of C(Q, 7). 

Let x and y be any two points. We shall define a function 
d,(x, y). If there exists no point P such that C(P, m) contains 
both x and y, then d,(x, y) =1. If there is a point P such that 
C(P, n) contains both x and y, then let ep,(x, y) be defined as 
[f(x, y; P)/r(P, n)]** and let d,(x, y) be the minimum or 
greatest lower bound of the numbers ep,(x, y), where P can be 
any point such that C(P, nm) contains both x and y. A function 
p(x, y) is now defined as follows: 


(1) p(x, y) = 6(x, y) + Doda(x, y)/2". 


It is to be shown that p(x, y) is a distance function with respect 
to which S is complete. Clearly p(x, y) =p(y, x) and p(x, x) =0. 
If p(x, y) =0, then 6(x, y) =0 and x=y. Suppose that the point x 
is a limit point of the point set M. Let € be any positive num- 
ber. Then there exists a positive integer m such that 1/2"<e/3. 
There exists a point y of M such that 6(x, y) <r(x, i) and that 
[5(x, y)/r(x, i) |*<e/3 for every integer i, (i <n). Then since 
y) [6(x, y)/r(x, i) it follows that d;(x, y) <e/3, (iSn). 
Hence 


o(x, ») a(x, 9) dix, 


i=n+1 
+ ¢/3 =e. 


Thus if x is a limit point of M, then for every positive number e 
there is a point y of W such that p(x, y)<e. If x is not a limit 
point of V/, then p(x, M)=6(x, M)>0, and there exists a posi- 
tive number ¢ such that, if y is any point of M, then p(x, y)>e. 

Let x, y, and z be any three points of S. It is to be shown that 
p(x, vy) +p(y, z) 2p(x, z). It is sufficient to show that for every 1, 
d,(x, y)+d,(y, z)2d,(x, 2). Suppose that for some n we have 
d,(x, y)+d,(y, ) <d,(x, z), where x, y and z are distinct points. 
From the definition of the function d, it follows that there exist 


n=1 


1932.] PROPERTY RELATED TO COMPLETENESS 837 


points P and Q such that C(P, m) contains x and y, C(Q, m) 
contains y and z, and 
r(P, n) r(Q, 


Let A denote d,(x,z). Let ¢ and r denote, respectively, the first 
and second terms of the left member of (2). We next prove that 


P) 

r(P, n) 
This is obvious if z is not in C(P, ) [that is, 6(z, P)=r(P, n)] 
since A <1. Let us suppose that z is in C(P, m), and also that 
5(z, P) <6(x, P). Then d,(x, z) S [8(x, P)/r(P, n)]"*, which con- 
tradicts (2). Hence 6(z, P)>6(x, P). Then [5(z, P)/r(P, 
is one of the quantities of which d,(x, z), that is, A, is a lower 
bound. Hence in any case (3) is established. Similarly 

r(Q, n) 

The following two inequalities obviously hold, since 4 is a dise 
tance function: 
(5) 5(z, P) < 6(z, Q) + 6Q, y) + P), 
(6) 5(x, Q) S 6(x, P) + y) + Q). 
From the definition of ¢ and of r, and the fact that r<A —#, the 
following hold true, where 2) and v2=r(Q, 7): 


(2) 


(4) 


5(x, P) 5(y, P) 
(7) 
=. 
Ve V2 


If now (5) is divided by 7 and substitutions are made from 
(3) and (7) we have 
2(A — 
(8) 


V1 


Likewise if (6) is divided by v2 we have after substituting 
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2# 
(9) 
v2 


Now (8) and (9) cannot both hold under the conditions here 
obtaining, namely 12A>#>0, 1>0, v2.>0. For from (9) we 
get v,/v2= [A*—(A —2)*]/2#, from which, by (8), we find 


(10) 3A4 — + — 34 0. 


Now set A =kt. Then k>1, and we have, after dividing by #, 
3k*—3k?+6k—3<0. This is obviously false. Hence our sup- 
position has led to a contradiction, whence it follows that for 
every n, d,(x, y)+d,(y, z) 2d,(x, 2). We can now say that the 
function p(x, y) is a distance function. 

The problem remains to show that with respect to this defini- 
tion of distance the space S is complete. Let Pi, Po, Ps, - - - 
denote any sequence of points satisfying the Cauchy condition 
with respect to the distance function p(x, y). Let ” be any posi- 
tive integer and let m, be an integer such that p(P:, P,) <1/2"*? 
if h, k2m,. Then d,(Pr, Px) /2"<1/2"t?, whence dn(P, Px) 
<1/4 if h, k2=m,. There exists an integer a (a2=m,) such that 
for every 6, (b2m,), 5(Pm,, Ps) <25(Pm,, Pa). Now we have 
d,(Pm,, Pa) <1/4. Hence there exists a point Q such that 


r(Q, n) 4 r(Q, n) 4 
Then 65(Pm,, Q)<r(Q, n)/64, 5(P., Q)<r(Q, m)/64, and thus 
5(P Po) <r(Q, n)/32. Then 
(Ps, Q) S Pm,) + Q) 26(Pmay Ps) + 6(Pmas Q) 
r(Q,m")  r(Q,m) 
. 16 + 64 


< 1(Q, n). 


Hence for every}, (b=m,), the point P, belongs toC(Q, m), which 
in turn is a subset of a domain of the set G,. Let H,, be the set 
of all points P, with b=m,, and let R, be a domain of the set G,, 
containing H,. By (c) of axiom 1’ there exists a point P common 
to all the sets Ri, Re, R3, ---. It is easy to show that P is a 
sequential limit point of the sequence P;, Pe, P3, - - - . Thus the 
space S is complete with respect to the distance function p(x, y). 


DvuKE UNIVERSITY 
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EXAMPLES OF HARMONIC FUNCTIONS* 
BY A. J. MARIA 


1. Introduction. It is known that a function u(r, 0), harmonic 
in the unit circle and having the property that the absolute con- 
tinuity of [? |u(r, 9) |dé is uniform with respect to r<1, is 
uniquely determined by the boundary values which it takes on 
nearly everywhere, for approach merely along radii. If, how- 
ever, the less restrictive condition, 


2x 
| u(r, 0)|da<M 
0 


for r<1, is satisfied, then u(r, @) is not necessarily uniquely 
determined by the boundary values which it takes on even in 
the wide sense nearly everywhere.{ In fact, if infinite boundary 
values are allowed, two harmonic functions, 7;(r, and @), 
each having the property that the integral from 0 to 27 with 
respect to 6 of its absolute value is bounded for r<1, can take 
on the same boundary values everywhere in the wide sense and 
yet fail to be identical. Such are, for instance, the two functions 


a(i — r?) b(1 — r?) 
1— 1 


a+b. 


The harmonic function 
0 
06 1 — 2rcosé+ 7? 


takes on the value zero along all radii of the unit circle.{ On the 
other hand, a harmonic function which takes on continuously 
at each point of a circle a finite boundary value is uniquely 
determined by those boundary values. The facts are the same 
for three or more dimensions. 

These results lead one to inquire if a harmonic function is 
unique when it takes on in the wide sense at each point of a 


* Presented to the Society, September 10, 1931. 
+ G. C. Evans, The Logarithmic Potential, 1927, pp. 46-54. 
{ G. C. Evans, this Bulletin, vol. 37 (1931), p. 143. 


—, 


840 A. J. MARIA [December, 
circle or sphere, as the case may be, a given finite boundary 
value. It will be shown, by means of examples, that this is not 
necessarily true. 

Another query, related to the above, concerns the Cauchy 
integral representation of a function, f(z), analytic in the unit 
circle. The function f(z) will be said to have a normal Cauchy 
integral representation if 


t) + ivtt 
(1) fle) = 


t—2z 


where u(#) and v(¢) are real, summable functions on the unit 
circle and f(z) takes on the value u(#)+7iv(¢) in the wide sense 
at nearly every point of the unit circle.* The question is the 
following: If f(z) takes on, in the wide sense, summable boun- 
dary values u(¢)+7iv(#) nearly everywhere, is it given by (1)? 
It will be shown that even if f(z) takes on continuous boundary 
values in the wide sense everywhere, it is not necessarily given 


by (1).T 


Approach in the Wide Sense. A variable point M, interior 
to a circle or sphere, is said to approach a fixed point P of a 
circle or sphere in the wide sense if there exists a positive con- 
stant a<7z/2 such that the angle 6, —71/2<@<7/2, between 
the ray PM and the interior normal at P satisfies the inequality 
|@|<—a-+7/2 as M approaches P. 

A function f(/) takes on a boundary value /(P) at P in the 
wide sense if lim f(./) =h(P) when M, interior to the circle or 
sphere, approaches P in the wide sense. The function takes on 
the boundary value continuously if lim f(1J)=h(P) when M, 
interior to the circle or sphere, approaches P in an arbitrary 
manner. 


3. A Function Harmonic in the Unit Circle which Approaches 
Zero at Every Point of the Circle in the Wide Sense and Is Not 
Identically Zero. The simplest case is that where approach is 
merely in the wide sense at just one point and continuous else- 
where. 

If there is a function, u(x, y), harmonic in the unit circle, 


* G. C. Evans, The Logarithmic Potential, 1927, p. 66. 
7 These problems were suggested to me by Professor G. C. Evans. 
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which approaches zero continuously at all points of the circle 
except at P and approaches zero in the wide sense at P, then the 
analytic function which has this harmonic function as its real 
part becomes, by means of a conformal transformation which 
carries the interior of the unit circle into the upper half plane 
and the point P into the infinite point, an entire function which 
has the property that it is pure imaginary along the real axis 
and that its real part approaches zero uniformly as the variable 
point approaches the infinite point in any sector, with vertex 
at the origin, whose sides are contained in the upper half plane. 
Conversely, the real part of an entire function having this 
property becomes, by means of a conformal transformation 
which carries the upper half plane into the interior of the unit 
circle, a harmonic function satisfying the given conditions. 
It turns out that the entire function* 


r(1 * (log 


has this property. In fact, Malmquist obtains the inequality 


| args, 1 =modz, 


where 0 <€<1 and M(¢) may be taken as constant for all @ such 
that 0<a<@<2zx—a. In this inequality, € is independent of a. 


4. The Three-Dimensional Case. Let us define u;(x, y) and 
v1(x, y) as follows: u(x, y—1) = y) and v(x, y—1) =0;(x, y). 
Obviously, :(x, y)-v:(x, y) is harmonic, since it is, except for 
a constant factor, the imaginary part of [u,(x, y)+i01(x, y) |?. 
The function U(x, y, 2) =(x, y)-v:(x, y) is a harmonic func- 
tion in three dimensions. 

It now follows from these definitions and the preceding para- 
graph that U(x, y, z) vanishes at every finite point of the plane 
y =1 and satisfies the inequality 


(1’) | U(x, 2)| < 


where, in particular, € may be chosen so that 1/2 <€<1, p being 
the distance from (0, 1, 0) to the projection of (x, y, z) on the 


* J. Malmquist, Acta Mathematica, vol. 29 (1905), pp. 203-215. 
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plane z=0, and ¢@ the angle which p makes with the positive 
axis of x. We may take M(¢) as a constant for all @ such that 
0<a< ld 

If an inversion is made in the unit sphere, the space y >1 will 
go into the interior = of the sphere S of radius 1/2 and center 
at (0, 1/2, 0). The function 


V(X, Y 2) =—u(= ==), 
R \R? R? 


where R=(X?+ Y?+Z?)"/?, and where (X, Y, Z) is the point 
into which (x, y, 2) is transformed by the inversion, is harmonic 
in =. It takes on the boundary value zero continuously at each 
point of S except (0, 0, 0). 

Consider now a point M(X, Y, Z) in 2 which approaches 
(0, 0, 0) in the wide sense. Since approach is in the wide sense 
and the inversion is conformal, the point (x, y, z) which cor- 
responds to M(X, Y, Z) will eventually lie within a right cir- 
cular cone having as its axis the axis of y and vertical half- 
angle @ which satisfies the inequality lp | <2/2—a, a being a 
positive number. The magnitude of the projection on the axis 
of y of the line segment having as its end points (0, 1, 0) and 
(x, y, z) is not greater than p; the number p has been defined 
following formula (1’). It then follows that 


r’ sina p, 


where r’ = (x?+(y—1)?+2*)'"/*. Moreover, it is evident that we 
have lim r’/r=1 as r becomes infinite, where r= alidaiiiahd ab 
From ieee facts, one finds that 
1 M(¢) 
| V(X, Y,Z)| = y, < 
[sin a]?¢r’« 
2[M(¢)}? 


[sin a]? 


—— [R?]=- 1/2 


for all points M(X, Y, Z) which are sufficiently near (0, 0, 0). 
This proves that V(X, Y, Z) approaches zero in the wide sense 
at (0, 0, 0). 

5. Normal Cauchy Integral Representation. Consider the func- 
tion 


— 
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f@) 


g(z) = 


where f(z) has been defined in §3. If the upper half plane is trans- 
formed conformally into the interior of the unit circle, g(z) will 
be transformed into a function /(z) =u(z)+70(z), analytic in 
the interior of this circle. The function /(z) takes on real values 
continuously on the circle except at one point where it takes on 
in the wide sense the value zero. In fact f(z) /z is real along the 
real axis; it approaches zero uniformly as z approaches the in- 
finite point in such a way that ¢, the argument of z, satisfies the 
relation 0<a<@<2r—a (see paragraph 3). Hence g(z) ap- 
proaches zero uniformly as z approaches the infinite point sub- 
ject to the above condition. It is further evident, since we 
know that lim f(z)/t=+% as z becomes infinite along the 
positive real axis, that these boundary values are continuous, 
and therefore, a fortiori, summable. 

If /(z) has a normal Cauchy integral representation, then the 
absolute continuity of f5'|I(z) |d@ is uniform for r<1.* Since 
lo(r, 6) |< I(r, 0) |, it follows that the absolute continuity of 
Se |v(r, 0) |d0 is uniform for r<1. This is a contradiction since 
v(r, 8) (see Introduction) would vanish identically and this 
would imply that /(z) is a constant, which it is not. 


HowustTon, TEXAS 


NOTE ON RELATIONS BETWEEN ELLIPTIC 
INTEGRALS AND SCHLOMILCH SERIES 


BY W. R. BENNETT 


In a recent study of the problem{ of calculating modulation 
products in the output of a rectifier when two sinusoidal waves 
of different frequencies are applied, a number of interesting and 
apparently novel mathematical relations were deduced as a by- 
product of the analysis. Unless otherwise noted, 0<)b<a, 
a>0,a+b<z, and mand nm may be any positive integers or 
zero. The following theorems are typical of the results obtained. 


* Fichtenholz, Fundamenta Mathematicae, vol. 13 (1929), pp. 1-33. 
7 A paper discussing this problem and its solution has been prepared for 
publication elsewhere. 
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I. If m+n is odd, and a+b<r, 
 JIm{(2r — 1)a]J,[(2r — 1)d] 
r=1 


2r —1 
*) 
2 
2 
40 (n+ a” 


nnu—m 44 
;—). 
2 2 a? 


II. If m+n ts even, adding x*/16 to the right-hand side for m=n 
=0, we have 


In{(2r — 1)a]J,[(2r — 1)d] 
(2r — 1)? 
2 


3 


b 
F( 3;n-+1;—}. 
2 2 a? 


III. Jf m+n is odd, adding 1*a/16 to the right-hand side for 
m=1,n=0, and for m=0, n=1, we have 


r=1 


Im{(2r — 1)a]J,[(2r — 


(2r — 1)3 


161 (n + =) 


m+n—2 n—m-—2 b 
r( -+1;—}. 
Z 2 a? 


| 


1932.] SCHLOMILCH SERIES 845 


It would be possible to generalize the above results to make the 
exponent in the denominator on the left-hand side any positive 
integer, but the tabulation of the exceptional cases, which 
increase in number as this exponent increases, would prove 
rather cumbersome. 

In the series appearing above, the arguments of the Bessel 
functions are proportional to the rank of the term, and the series 
could, therefore, be technically regarded as Schlémilch series 
with one of the two Bessel functions in each term to be regarded 
as a part of the coefficient. Since the two Bessel functions play 
similar parts in the series, however, it seems preferable to re- 
gard these series as a more general type than the ordinary Schl6- 
milch form which has only one Bessel function in each term; in 
fact the above series could be regarded as a degenerate case of a 
double Schlémilch series bearing somewhat the same relation to 
the ordinary Schlémilch series as the double Fourier series does 
to the single Fourier series. Apparently, series of the above nature 
have not as yet been studied to any extent in mathematical liter- 
ature. 

It will be noted that the first two terms in the argument of 
the hypergeometric functions are odd multiples of one-half, 
and that the third term is an integer. It follows that by the use 
of the difference equations for the hypergeometric function, 
and the relations 


T 


K= 


the hypergeometric functions may be reduced to finite combina- 
tions of complete elliptic integrals with modulus k=)b/a. A 
few typical results are the following: 


= Ji[(2r — 1)aVol[Qr— E 


a) - 


2r—1 
Jo[(2r — 1)a]J,[(2r — 1)b] (1 — 


(2) > = ’ 


2r—1 kr 


= Jol(2r — 1)6] _ 
(8) (2r — 1)? 


~ —(1 — 2K]; 
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(4) > 


+ 
+ k?) 


r=1 (2r 1)? 
— (1 — 
I:[(Q2r — 1)a|Jo[(2r — 1)d] ma 
— 4(1 — k*)K]; 
Jo[(2r — 1)a]J,[(2r — 1)d] _ a? 


(6) > 
r=1 


(27 — 1) 8 
— (1+ 3k)(1 — k*)K]. 


It may be remarked that when b =0, (3) reduces to a Schlémilch 
series summation which was set as a problem* in the Mathe- 
matical Tripos of 1898. 

The method by which the above results were derived consists 
of a comparison of various forms of the general coefficient in the 
double Fourier series expansion of the periodic function of two 
variables, 


(7) — (Pcosx+Qcos y)’, Pcosx+Qcosy <0 
fAx, y) 0 , Pcosx+Qcosy=0 }, 

(P cosx+(Qcos y)’, Pcosx+Qcosy>0 
where r is zero or a positive integer. For convenience we take 
P and Q as positive, and Q not greater than P. The function 


satisfies any one of several sets of sufficient conditionst for the 
expansion, which may be written: 


n=—2 


1 
(9) = f Siz, dedy. 
4x? 


Although the application is of no importance in the mathe- 
matical argument, it may be of some interest to point out that 
when two sinusoidal waves of different frequencies are applied 
to a rectifier, the output may be expressed either as (P cos x 


* Watson, Theory of Bessel Functions, p. 634. 
t Hobson, Theory of Functions of a Real Variable, vol. 2, Chap. VIII. 
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+@Q cos y) fo(x, y) or fi(x, y) for a full wave linear rectifier, 
as (1/2) [fi(x, vy) +P cos x+Q cos y] for a half wave linear 
rectifier, and as (1/2) [fo(x, y) +(P cos x+Q cos y)?]| for a half- 
wave square law rectifier, provided that we assign the special 
values to x and y, x=pt+0,, y=qt+0,, ¢t being the time, p, ¢ 
the angular velocities, and 6,, 0, the phase angles. 

If we evaluate the integral (9) directly by determining the 
boundaries of the region where P cos x+( cos y is positive and 
integrating accordingly, we obtain expressions involving com- 
plete elliptic integrals. Instead of proceeding in this way, we 
may make use of the following Fourier series expansions, 


P Q 1) 
2 | 
(10) — > sin =} 0, u=0}; 
T r=1 2r — | | 
| 
AG 1 (2r — 
(2r — 1)? 
(11) 
cou — — sin 
r=1 (2r = 1)3 c 


u?, Osusc 

The left-hand members of (10)—(12) represent fo(x, y), fi(x, y), 
fo(x, y), respectively, if w= P cos x+Q cos y and c>P+Q. 

Substituting the resulting expressions in the integrand of (9), 
and interchanging the order of summation and integration 
(which may easily be justified), we obtain generalized Schlé- 
milch series forms for Cnn. Formulas (1)—-(6) may now be 
established by direct comparison with the elliptic integral ex- 
pressions obtained for C,,, by the first method. 

To prove the more general formulas I-III, consider the trigo- 
nometric integrals, 


2 sin ur 2 dy 
—dh, «(eos we, —, (sin ur)— - 


lA 
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It is clear that if we set u=P cos x+Q cos y, these integrals 
represent, respectively, fo(x, y), fi(x, v), fo(x, y). Inserting the 
resulting expressions in the integrand of (9), interchanging the 
order of the integrations so that the infinite integration is per- 
formed last,* and finally interchanging the order of differentia- 
tion and finite double integration, we get expressions for C,,, in 
terms of the infinite integral of Weber and Schafheitlin which is 
in turn reducible to a hypergeometric function. f Formulas I-III 
are then obtained by direct comparison with the results obtained 
by the first method. 

It appears that by substituting different forms for the 
function f,(x, y) a wide variety of additional results may be ob- 
tained. For example, if we replace f,(x, y) by the simple function 
P cos x+Q cos y, we have Cio=C_i10=P/2, Cu=Co,1=Q/2, 
and C,,,=0 for all other values of m and n. But the Fourier 
series 
2c 2, (—1)*' rr 
— > — sin — = 4, (-c<u<o), 


T sl r c 


(13) 


represents P cos cos y if u=P cosx+Q cos yandc>P+Q. 
Calculating C,,, from the series and comparing, we find 
(- 1)" 

(14) > ——Jn(ra)J,(rb) = 0, 

r=1 r 
provided m-+-x is odd and greater than one, and a and 5 satisfy 
the same restrictions as specified for formulas I-III. For m=1, 
n=0, and m=0, n=1, the right-hand member becomes a/4 and 
b/4 respectively. Known forms of Schlémilch series which 
represent null functions may be deduced{ by setting )=0. 


BELL TELEPHONE LABORATORIES 


* Justification of the interchange is a bit delicate, but ample theorems are 
available. See, for example, Hobson, Theory of Functions of a Real Variable, 
vol. 2, p. 348. 
ft Watson, Theory of Bessel Functions, p. 401. 

t See Watson, Theory of Bessel Functions, pp. 634-636. 
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ON CERTAIN DYNAMICAL SYSTEMS WITH 
POINTS OF PEANO 


BY MARIE CHARPENTIER* 


1. Introduction. Recently I have studied differential systems 
of the form 


dx 

dt X (xj), (i, j 1, n), 
in which the point (x;) is restricted to lie in a rectangular domain 
of x; space while the X; are merely taken to be continuous.{ As 
is well known, there may exist in this case more than one in- 
tegral curve through certain “points of Peano.” 

Such differential systems have an obvious physical interest, 
for they represent the simplest possible extension of the ordi- 
nary dynamical type, in which a certain indeterminacy of mo- 
tion may exist; in the dynamical case the manifold M is closed 
instead of rectangular. A first fundamental question in this 
direction is as to whether there exists an analog of the central 
motions as defined by Birkhoff.t 

In the present paper, I have commenced with the case of most 
interest, in which there is uniqueness for decreasing ¢.§ An 
analogous set of central motions is defined in this case and these 
are determined for the sphere (n=2). 


2. Central Motions with a Condition of Uniqueness for De- 
creasing t. (a). Consider a point P at an instant fp on the mani- 
fold M. Let us define for any €>0, an open molecule o of diam- 


* International Research Fellow. 

T Bulletin des Sciences Mathématiques, vol. 54 (1930), p. 203. Comptes 
Rendus, vol. 191 (1930), p. 912; and vol. 192 (1931), p. 913. Bulletin Inter- 
national de l’Académie Polonaise, 1931, p. 191, and Mathematica (Cluj), vol. 
5, pp. 65-99. 

t See, in particular, Dynamical Systems, Colloquium Publications of this 
Society, vol. 9, p. 189; and G. D. Birkhoff and P. A. Smith, Journal de Mathé- 
matiques, 1928, p. 345. 

§ That is, if we consider the curves of motion passing through P for t=ho, 
they coincide for t<fp. For the study of this case in the plane see p. 87 of my 
Mathematica paper. 
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eter €, containing P. Each point of the molecule is supposed to 
move in all admissible directions as time increases, but, of 
course, these points will always fill a continuum. 

In what follows we shall use the following fundamental 
property of the motions. Let (P), be the set of points to any of 
which P may have moved after a time #, (P); being by hy- 
pothesis a single point for <0; for any point P, any to >0, and 
any e>O, there is a 6>0 such that, if Q is within a distance 6 of 
P, then any point of (Q); is within € of some point of (P), for 
|t|<to. It follows that any set (P),; is closed. 

(b). Consider now the above defined molecule a. If P is not an 
equilibrium point and if € is small enough, o moves outside its 
first position. 

When it is possible to choose € small enough so that o never 
overlaps its first position again, we shall call P a wandering 
point. Let the set of all wandering points be called W. If o 
overlaps itself when ¢ has increased from fo to t9+7, it has to do 
so when ¢ has decreased from fp to tp —7, and conversely. 

Thus we arrive at the same set of points W if we let the time 
decrease instead of increase in the above definition. If P is a 
wandering point, so are all the points of ¢, since o is open; thus 
W is open, and the set 4,= M—W is closed. For any point of 
M,, any corresponding molecule ¢ will overlap itself after any 
period of time as ¢ increases (and decreases), no matter how 
small the molecule may be. 

If a given point P is in M,, then so is all of the motion through P 
for decreasing t. 

For consider any point (P);,£<0,and any molecule o about 
(P),. Take a molecule a’ about P so small that (¢’), lies wholly 
in a. Then a’, hence (@’), and therefore o, intersects itself after 
any period of time, and thus (P); is in M,. The same reasoning 
shows that any unique curve of motion lies wholly in W or in M,. 

Similarly we define M2 as the set of non-wandering points 
with respect to M;, M3 as the set of non-wandering points with 
respect to Ms: and so forth. Thus we obtain an ordered set of 
closed sets M, My, Mo, ---, Ma, Moss, -- , M,. We shall call 
the limiting set, M,, the set of central motions in analogy with 
the ordinary definition. 

(c). By the customary argument it is possible to prove the 
following property. 
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When the time increases and decreases every wandering point 
approaches M, uniformly. 

Furthermore if P is a point of M,, it will either stay indefi- 
nitely in M;, or leave M,. In the latter case it becomes a wander- 
ing point and must nevertheless approach M, later. By the 
usual argument we obtain the following result. The probability 
that an arc of a curve of motion lies inside of an arbitrary neigh- 
borhood of M, approaches unity uniformly as the interval of time 
for such an arc increases indefinitely. 

(d). Let us call, as usual, the limiting points of a curve of mo- 
tion for increasing ¢, w points, and its limiting points for de- 
creasing a@ points. 

The a(w) limit points A of a motion C are formed of complete 
motions. It is sufficient to show, for a fixed tp >0, that if Pisa 
point of A, then there is a point P’ of (P),, in A; the property 
is evident for to <0. If Q is a point of C, then there are points 
Q;,, of C lying in (Q),,, (Q);,, respectively and ap- 
proaching P. The points Qro+t,, of C must ihen ap- 
proach the point set (P);,. They have a limit point P’ in the set; 
thus P’ is a point of A in (P),, as required. 

The limit points of any set of complete motions consist of com- 
plete motions. 

The proof is exactly as above except that the points Q,,, Q,,, 
- + - may lie on different motions. Instead of the sequence M,, 
Me, M3, - - - above, used to define the central motions M,, we 
can use another set as follows. Let us call Ni the set formed by 
the a limit points of all motions on M together with their geo- 
metrical limit points. It is easy to see that M, > N,. Similarly we 
define Nz on Nj, etc. The limiting set NV, consists of those mo- 
tions which belong to their own a limit points, say E, and the 
geometrical limiting points of E. 

(e). Evidently N, ¢ M,; are they identical?* The set of cen- 
tral points contained in a small molecule o must overlap itself 
in M, for t9<0 however large fo and however small o may be. 
Hence there exists in ¢ a pair of central points P; and Qu, posi- 
tions reached by the same point after a certain period of time. 
We shall assume that Q; precedes P,. 

Choose about P; a neighborhood o; so small that both o; 
and (0;);,, the corresponding neighborhood of Q:, together with 


* See G. D. Birkhoff and P. A. Smith, loc. cit., p. 354. 
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their limit points shall be contained in a. There exist in 0; two 
central points Pz and Q2 about which we can choose two mole- 
cules o2 and (o2);, completely interior to Qe preceding P3. 
Continue in this manner. We can choose the molecules o; such 
that 

(a) the diameter of o; converges to zero as kR>™, and 

(b) the periods of time ¢; increase indefinitely. 

Then the limiting point LZ of the molecules is interior to every 
molecule ¢;, and thus the curve of motion C through L for de- 
creasing ¢ has the following property (C belongs to M,). For 
every k, (L);, has a point in o,_;; thus L is an a limit point of C. 
Moreover, as has been shown above, through L exists a com- 
plete curve of motion lying in the set of a limit points of C and 
hence lying in M, and its own set of a limit points. Therefore we 
may make the following statement. 

The complete motions lying in their own set of a limit points are 
everywhere dense on M,. It readily follows that through every cen- 
tral point passes a complete motion lying wholly in M,. 

(f). It must be noticed that if a motion C has a common point 
with its a limit points and its w limit points it does not neces- 
sarily belong to either one. However a motion lying in its set of 
a limit points and having a common point with its set of w 
limit points is also part of the latter, and is pseudo-recurrent ac- 
cording to the usual definition. 

The pseudo-recurrent motions and the recurrent motions, 
these being defined in the customary way, belong of course to 
M,. Furthermore, in the present case, it is easy to see that M, 
and JN, are not equivalent. 

Take on the sphere a simple closed curve* C through an 
equilibrium point P, and let Q be a unique point of Peano on C. 
Let us assume that the motions through Q have as w limit 
points a periodic motion C,, for the motions lying on the right- 
hand side, P of course for C, and another periodic motion C2 
for the motions lying on the left-hand side. The point P is the 
only equilibrium point between C,; and C>. It is easy to see that 
PQ belongs to 1, but not to Mj. 


3. Central Motions on the Sphere. It is well known that if on 


* This example was pointed out by H. Whitney; he also proved independ- 
ently that M, consists of complete motions. 


1932.] CERTAIN DYNAMICAL SYSTEMS 853 


the sphere a curve of motion C possesses the two following 
properties: 

(1) C never crosses itself; 

(2) on C there is a point P such that C for indefinitely in- 
creasing (or decreasing) ¢ has always points arbitrarily near P; 
then through P passes a periodic motion. 

It immediately follows from a theorem in §2 that such peri- 
odic points P are everywhere dense on the central motions, pro- 
vided that we consider only the part of M, which is not the set 
of equilibrium points. Thus we may make the following state- 
ment. 

On a sphere M, the central motions M, consist of the equilibrium 
points, the periodic motions, and their limit points. 

These limit points form boundaries of regions; therefore the 
central motions which are not periodic terminate in equilibrium 
points or sets of equilibrium points and are, then, nowhere 
dense on M,. 

A periodic motion through a point P is the only central mo- 
tion issuing from P since two periodic motions cannot intersect, 
and any other central motion, being terminated in equilibrium 
points for decreasing ¢, has no common points with a periodic 
motion. Moreover if P is a central, non-periodic point, there 
exist periodic points converging to P not lying on H(P) (the 
set of curves of motion through P); thus there exist at most two 
different sequences of periodic motions converging to P, and 
thus to at most two different central motions through P. Evi- 
dently the recurrent and pseudo-recurrent motions are the 
equilibrium points and the periodic motions. 


4. Possibility of Choice. Consider a point P and the set of the 
w limit points of all the curves of motions through P, say 2..(P). 
If P; is a position reached by P at some later time, we have 


2 


The number of possible choices of P cannot increase; in par- 
ticular, if P and P; are on the same periodic motion, 


= 2.(P1). 


Consider now a point P on a central motion C on a sphere and 
suppose that, at P, the curve of motion is not unique. Let C,; be 
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another curve of motion through P. Consider the arc P,Q; of 
(P)., where P; lies on C and Q; on C;. Since a motion passing 
through P,Q, and not passing through P; or Q; cannot be a cen- 
tral motion, we define thus a small region PP,Q, characteristic 
of the central motion C, or possibly of the two central motions 
C and C;. Therefore we have the following result. 

The central motions, except possibly the equilibrium points, from 
which may issue at least one other motion form at most a denumer- 
able set. 

If there exist two periodic motions C; and C2 (or any two 
closed curves made up of motions of M) such that the region r 
bounded by C; and C; does not contain any equilibrium points 
in its interior, it is necessary, in order that some point P of r 
can choose to approach in the future either C; or C2, that there 
be a unique periodic motion c in r. 

If P is interior to 7, c cannot coincide with C; or C2. Moreover, 
P, as long as it stays on c, will be able to go to any point of r 
at almost any time, more precisely at a time 7, t—7 ST St++1, 
t being arbitrarily chosen and 7 the period on c. The above con- 
dition is also sufficient if c contains a point of Peano. To prove 
the first statement, take a point Pp» of r having two curves 
and ¢: asymptotic to C, and C2 as ¢t increases. Of course, the mo- 
tion c through P» for decreasing ¢ cannot be asymptotic to 
either C, or C2. Let us draw two closed bands B, and B, of width 
€ including C, and C2. Let P; and P: be the first points on c, and 
C2 respectively in common with B, and By. By cutting the region 
R (R=r—(B,+B:)+boundary) by the arc PiPoP2, we obtain 
a simply connected region which does not contain any equilib- 
rium points; therefore c cannot be interior to this region. If 
we choose € suitably, c has no common points with B; and Bz 
and thus it has a common point Q with PiP»9P2. Hence following 
c further, we run into Py again, and obtain thereby a periodic 
motion. By the same argument, it is seen that through every 
point of r passes a motion issuing from Po; thus c is the only 
periodic motion in r. 

The motion ¢ cuts r into two regions 7; and rz. Every point on 
c can pass to any point of r, while a point interior to, say, 71, must 
be in B, after a certain interval of time, and can never reach a 
point of r2. The sufficiency of the condition is not hard to prove. 


HARVARD UNIVERSITY 


1932.] WEBS OF CURVES IN A PLANE 855 


ON n-WEBS OF CURVES IN A PLANE 
BY G. BOL 


This note contains a proof of Theorem 4 of the list given by 
W. Blaschke* in a preceding paper. 


If t;=const. represents n sheaves of curves in a plane, then the 
maximal number of linearly independent relations 


(1) = 0, (k=1,---,m,i=1,---,n), 
1s 
(2) N = 3(n — 1)(m — 2). 

Let (1) be any set of such relations; then we consider U;;(¢;), 
(k=1,---, m), for a fixed 7 to be the m coordinates of a point 


describing a curve #;(¢;) in an affine m-space. 

If we can prove that the curves ;(/;) all lie in parallel linear 
subspaces of dimension JN, our theorem is proved, for this means 
that between the coordinates of every ; there exist linear rela- 
tions with the same constant coefficients, which express m— N 
of the coordinates in terms of the other NV. And this means that 
of the m relations (1) there can be only N linearly independent. 

If we assume our functions U;; to be differentiable a suitable 
number of times, however, this last statement comes down to 
proving that among the vectors 


d 
(3) pits) = pits), 


there cannot be more than JN linearly independent ones. ft 

We will prove this for »=5, N=6; the proof can easily be ex- 
tended to all values of 7. To avoid the use of many indices, we 
will write (1) in the form 


(4) pi(u) + po(v) + ps(r) + pals) + ps(t) = 0. 


* W. Blaschke, Results and problems about n-webs of curves in a plane, this 
Bulletin, vol. 38 (1932), p. 828. 

¢ This does not really make it necessary to assume the functions (1) to be 
analytic; from a certain order m we can always replace (3) by an existence 
statement for solutions of a differential equation. 
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As our parameters /; are given functions of the coordinates in 
the plane of our curves, and are all independent functions, we 
can express them as functions of u and v. We then differentiate 
the vector equation (3) with respect to u and v and find 


0= pi + pi sut pola, 


0 = pl + Pste t+ pase + Ps te; 
0 = pi’ + + + + ps tun + pd Sun 
6) + Ps tun, 
0= + + + pelt? + pd tee + pi Sue 
+ Ps tee; 
(7) O= + + + + L(pi', pi), 


O= + pi + pas? + + pi); 


(8) O = ps’ + pd! SuSe + ps tute + ps tur + pd Sur Ps bur, 
O= rere + pa + ps t2t, + L(pi’, 

(9) O= + pi” + ps tut? + L(pi’, pi), 
O = psi*r.3r, + + + L(pi’’, pi’, pi); 

(10) 0 = psi*r.2r2 + 2? + + L(pi’’, pi’, pi), 
O = psi*rur? + + psi”tut? + L(p!”’, pf); 


Here L always means a linear combination of the vectors in 
brackets, and i=3, 4, 5. In this way we get two groups of equa- 
tions. The first expresses all the derivatives of p; and p2 as 
combinations of those of 3, ps, and p;. The latter can be used 
to prove that of these there can be no more than 6 linearly inde- 
pendent. 

If we assume for a moment that the equations (8), (9), (10) 
are not in a disturbing way dependent, then the result is ob- 
vious. For then we can have at the utmost 3 independent 
vectors p/, of the vectors p/’ one can be expressed by means 
of the others and p/ as a consequence of (8), so we get only two 
extra independent vectors, and (9) shows that vectors p/’’ can 
give only one extra dimension. The total number is exactly 
3+2+1=6. 


= 
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So the only thing that remains to be proved is that relations 
(8), (9), (10) are really independent. Now in (8) the coefficients 
of /’ cannot vanish. For r,=0 would mean that r was a func- 
tion of u alone, and therefore that sheaves r=const. and 
u=const. would coincide. So (8) really gives us a relation be- 
tween the p/’. To show that (9) gives 2 relations we have to 
consider the matrix 


(27, 


2 SuS2 tyt2 
and show that it is of rank 2. But one of the determinants is 


Su 


and none of the factors can vanish, the last one since this would 
imply the dependence of the functions r and s, which is again 
impossible. Finally the essential determinant in (10) is equal to 


Ty Sy Sy be Ty 


Tul 


Sy Sy ty rT, ty 


so that from (10) we can really compute 9," as linear combina- 
tions of p/’’, p/’, pf. We see that there is no danger for de- 
pendency of the equations, and our theorem is proved. 

Of course if m>5, we have a similar proof, only the determi- 


nants we have to consider are of higher order. We find 
= }3(m — 1)(m —2). 


As a corollary, for »=4, we have: If a 2-dimensional surface 
in k-space can be generated in two different ways as a translation 
surface, it lies in a linear three-dimensional subs pace.* 

For the assumption leads to a vector equation (4) with »=4 
and our formula gives VN =3. 


THE UNIVERSITY OF CHICAGO, AND 
THE UNIVERSITY OF HAMBURG 


* See S. Lie, Leipziger Berichte, 1897, p. 186. 
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ON THE DERIVATION OF NECESSARY CONDITIONS 
FOR THE PROBLEM OF BOLZA* 


BY G. A. BLISS AND I. J. SCHOENBERG 


1. Introduction. The problem of Bolza with variable end- 
points in the calculus of variationsf is that of finding in a class 
of arcs 


(1) yi(x), (¢=1,2,---,mmSxs Xe), 
satisfying the differential equations and end-conditions 
(2) y’) 0, (a = i. 2. m < n), 


(3) y(x1), (x2) 0, (u = i, 2, S 2n+ 2), 


one which minimizes an expression of the form 


Morse and Myerst have recently studied this problem in a some- 
what different form. They seek to find in the class of arcs (1) 
satisfying the differential equations (2) and the end-conditions 

(s = 1,2;4=1,2,---,#), 
one which minimizes a sum 


(6) I = O(a1,---, a) + f “f(x, y, 


It has been customary to assume that the matrix of deriva- 
tives of the functions y, in (3) with respect to the variables x,, 


* Presented to the Society, October 29, 1932. 

+ Bolza, Uber den “Anormalen Fall” beim Lagrangeschen und Mayerschen 
Problem mit gemischten Bedingungen und variablen Endpunkten, Mathematische 
Annalen, vol. 74 (1913), pp. 430-446. Bliss, The problem of Bolza in the calculus 
of variations, Annals of Mathematics, (2), vol. 33 (1932), pp. 261-274. In the 
text here the latter paper will be referred to by the symbol Bz. 

t The problems of Lagrange and Mayer with variable end-points, Proceedings 
of the American Academy of Arts and Sciences, vol. 66 (1931), pp. 235-253. 
In the text this paper will be designated by the symbol MM. 
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Vis=Vilxs.), (S=1, 2; 7=1,---, m), is of rank p at the end- 
values of the particular minimizing arc Ej, to be studied,* an 
assumption which insures the non-singularity of the end-values 
and the independence of the conditions (3). For the parametric 
form (5) Morse and Myers do not assume that the matrix of 
derivatives of the functions (5) is of rank r at the parameter 
values defining the ends of E:2,f and hence the problem as for- 
mulated by them seems to have greater generality. In a foot- 
note on page 244 of their paper, Morse and Myers call attention 
to this fact and make the statement that the necessary condi- 
tions for a minimum deduced by them from the first variation 
can not easily be derived from the results given by Bliss for the 
corresponding Lagrange problem.f 

In the following pages the authors wish to show how the 
methods used by Bliss for the Lagrange problem can be adapted 
with very slight modifications to deduce analogous theorems for 
the problem of Bolza. This will be done in §2 below. By the in- 
troduction of new variables, in §3, the parametric problem of 
Morse and Myers can be immediately reduced to one of the 
Bolza type. The necessary conditions usually derived from the 
first variation for the parametric form of the problem turn out 
to be simple corollaries of the corresponding theorems for the 
problem of Bolza. 

The method used in deducing the theorem of §2 still applies 
when the function f in the expression (4) is identically zero. The 
problem is then that of Mayer with variable end-points as formu- 
lated by Bliss.§ The theorem deduced by Myers|| for his modifi- 
cation of this problem is also an immediate consequence of the 
theorem of §2 below by the method of §3. 

2. The Problem of Bolza. For a more precise formulation of 
the problem of Bolza see Bi, §§1 and 8, where the particular case 


* Bolza, loc. cit., p. 433. Bliss, The problem of Lagrange in the calculus of 
variations, American Journal of Mathematics, vol. 52 (1930), condition (d) 
p. 690. We shall refer to the latter paper in the text by the symbol Bi. 

+ MM, pp. 236, footnote p. 244. 

t By, §8, especially pp. 692, 693. 

§ The problem of Mayer with variable end-points, Transactions of this So- 
ciety, vol. 19 (1918), pp. 305-314. 

|| Adjoint systems in the problem of Mayer under general end conditions, this 
Bulletin, vol. 38 (1932), pp. 303-312, Theorem 4 of p. 311. 
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G=0 is investigated, and Bz, §§1, 2. In particular we make the 
four assumptions B,, (a), (b), (c), and (d). Furthermore 
G(x1, Yiu, X2, V2) is supposed to be of class C’ in a neighborhood 
of the end-points of Eye. 

The additional term G in the expression J necessitates some 
slight changes in B,, §8. Formula B,(45) becomes 


Noli (E, 9) = — f — — + (x2) 


1 


+ + + AvGy,, + | 
+ + + 
The arguments following B,(45) hold without change and lead 


to the conclusion that there is a set of constants Ao, di, - - - , dp, 
not all zero, such that the equation 


f + [do(— flas) + Ge, + 


1 


+ [do(f(x2) + Gz, + + + 
+ [= + + 


(7) 


holds for every set of admissible variations £,, £, ;(x) of the 
arc Ey». Choosing the constants c; so as to make the coefficients 
of ;(x1) disappear, we infer, from the fact that ¢,, &, 
can be chosen arbitrarily for admissible variations, that \,=0 
and also that the matrix 


| — F(x;) + + Gy,,¥a) = F y,(x1) + 


Wuz, + 
F(x2) + + + 
Vu Zo + Wuyis | 


is of rank p. Hence also the matrix 
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| — F(x:) + yin + Ge, — + Gy, 
Vaz, Vovis 

F(x2) — Fyy(%2)¥, Fy(x2) + | 

Vaz, Vuvie 


is of rank p, which is equivalent to the statement that the 
relation 


2 
(8) [(F — Fyyyi dx + + dodG = 0 
is a consequence of the system of equations 


(9) Wy = + + + = 0, 
(u = 1,2,---, p). 
The multipliers Xo, A.(x) can not all vanish simultaneously 
at a point x=a, since this would imply B;=0 in equation (17) 
of paper Bi, and also v;(a) =0, from B, (16). Hence B, (17) would 
imply v;=0; in particular v;(x1) =c;=0, and v;(x2) = F,,-(x2) =0. 
From (7) we then find 
4, (Wy 2, + = 0, = 0, 
+ = 0, = 9, 
from which we infer that d, =0, since the rank of the matrix of 


the coefficients is . Hence \)=d,=0, in contradiction to our 
previous result. We have thus proved the following theorem. 


THEOREM 1. For every minimizing arc Ey for the problem of 
Bolza there exist constants c; and a function 


(10) F = Nof + 
such that the equations 


(11) Fyy = f Fy dx + ¢i, da = 0, 


1 


hold at every point of E12, and furthermore such that the end-points 
of Ex satisfy, besides the equations (3), the condition that (8) holds 
for every set of differentials dx, dyin, dx2, dyi2 which satisfy the 
equations (9). The first multiplier Xo is a constant. The multipliers 
Na(x) have definite limits \.(x—0), Xa(x+0) at every value of x 


| 
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on x\X2 and these limits are equal and the d,(x) are continuous 
except possibly at the values of x defining the corners of Ey. The 
elements of the set Xo, Xa(x) do not vanish simultaneously at any 
point of Ev. 

The form of the expression J to be minimized has no bearing 
on questions regarding the normality of E12; hence the results of 
B,, §9 apply as well for the problem of Bolza. 


3. The Problem of Bolza in the Formulation of Morse and My- 
ers. In order to derive necessary conditions we suppose that a 
particular arc Ey of class D’, whose end-points are given by (5) 
for (~) =(0), minimizes J in the class of all arcs (1) neighboring 
Ey and satisfying the system (2) and whose end-points are 
given by (5) for values (a) near the values (0). 

The problem of Morse and Myers can be phrased as a prob- 
lem of Bolza as follows. We adjoin to the set of functions y;(x) 
new functions a,(x) satisfying the differential equations 
ax (x) =0. The problem is then that of finding in the class of 
arcs 


(12) yi = yi(x), on = a(x), 


G@ 
satisfying the differential equations and end-conditions 


x, 1, = 0, =0, = 1,2,---,@), 
(13) s(x, ¥, ¥’) aK (8 ) 


one which minimizes the expression I in (6). The particular 
minimizing arc E,,* of the form (12), whose properties are to 
be studied, has a,(x)=0, (h=1, - - - , r). In the end-conditions 
(13) we think of the constants a, as the initial values at x=; 
of the functions a;(x). 

All of the assumptions of §2 are satisfied by this problem in 
the Bolza form. In particular the functional matrix of the end- 
conditions (13) has its determinant of derivatives with respect 
to the variables x, x2, yi, yi2 equal to unity. Applying the result 
of §2 we know that there exist constants c;, c,;, and a function 


F = dof + + 


such that the equations 


| 


| 
| 

| 
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Fy, = f + Ci, = = Cathy 
| 


hold along E,.*, and furthermore such that at the ends of E,.* 
the equation 


(14) — yf Fyy)dx + Fyyd ys + + = 0 
is a consequence of the equations 
(15) dx, x.da,=0, — Yisnda, = 0, 


where and are notations for 0x,/da, and Oy;,/da, at (a) 
=(0). The constants \,,, are all zero since in equation (14) 
they are coefficients of the differentials da;2 on which no con- 
ditions are imposed by the equations (15) which contain only 
day1=da,. We have therefore proved the following theorem. 


THEOREM 2. With the minimizing arc Ey there is associated a 
set of multipliers 


(16) Xo, a(x), (8 2, m), 


and a set of constants c1, - - - , Cn Such that the equations 


Fyy = f F,,dx + ¢; 


are satisfied at every point of E\2, where F=of+dgds. Further- 
more the equation 


[F dx + + dod = 0 


is an identity in da, when dx, dx2, dy, dyi2 and dé are evaluated 
for (a) =(0) and expressed in terms of the differentials da; by the 
equations (15). The elements of (16) do not vanish simultaneously 
at any point of Ex. 


According to the definitions of Morse and Myers, and Bliss, the 
admissible arc Ey is normal (AB) (see MM, §5) if and only if 
the arc E;.* is normal for the corresponding problem of Bolza 
(see B,, §9). Criteria for normality are given in B;, §9, and MM, 
§5. It can be shown now that Theorem 4 in MM follows im- 
mediately out of the condition of Bliss concerning the non- 
vanishing of the determinant B,(49). From (13), Bi(44), and 


| 

| 
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the equations a; =0 we derive for a set of admissible variations 
along 


V,(é, u) = — Xsntth, 
(17) 
Wis(E, 0, = nil%s) + Vieks — Visntn, 
where the constants u, are the variations of the constant func- 
tions a,(x). From these we find immediately 


(18) ni(%s) = Nis + 


with the notation 


Nis = (Visr VisXsn)Up 


of Morse and Myers. A necessary and sufficient condition for 
Ey.* to be normal, according to the definition of Bliss, is that 
there exist sets of admissible variations £.,, nis(x), 
(u=1,---,2n+2), such that the determinant 


V,(é,, Nyy Uy) 
WVis(é,, Ny» Uy) 


is different from zero. The first equations (17), and (18), show 
that this determinant is identical with the determinant MM 
(5.1), with the notations &, in place of y;. It follows also that 
Theorem 5 in MM is a corollary of the further results of Bliss 
in B,, §9. 
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PERIODIC SOLUTIONS OF LINEAR 
DIFFERENTIAL EQUATIONS 


BY W. B. FITE 


The present article contains a generalization and a correction 
of certain results given by the writer in an earlier article under 
the same title.* Consider the equation 


(1) L(y) = + pry") +--+ + pay = 0, 


in which the coefficients are one-valued and of period /, and 
foX0 for any real value of x. If y1, ye, ys, - - - , ¥n form a funda- 
mental system of solutions, then 


Ve ye 


I (a,x) 
D= = Doe! 


Vn Vn 
where 
I(a, x) = 
a Po 
and where Do(+0) is the value of D for x=a. Since the coef- 
ficients of (1) are of period /, y;(x+/), (¢=1, 2,---,m), form 
a fundamental system of solutions, and therefore 


(2) +1) = 


The characteristic equation of the substitution (2) is 


a12 in 
— @ den 
(3) = 0 


* Fite, Annals of Mathematics, (2), vol. 28 (1926), pp. 59-64. 
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If 

(w = w)", (w = (w 
where ui+pe+ - - - are the elementary divisors of the 
left member of (3), there is a canonical fundamental system of 
solutions y;,;, (t=1, ms), such that* 


Viale +2) = win, 
+) = t ovine, 
+ Ll) = T 


In terms of these solutions 


(n—1) 
(n—1) (n—1) 
Yu + @1¥12 + @1Vi2 May + @1Vi2 
(n—1) (n—1) 


The first 4: rows are here indicated in detail. The remaining 
rows are formed similarly in sets of fe, us, , each cor- 
responding to the respective elementary divisors. It readily 
follows that 


D(x +1) = Wis D(x). 
But on the other hand 
D(x + l) Doel Doel @ 24) - el (z, 2+), 


where, as above, 
I(u,v) = — f 


* See, for example, Horn, Gewéhnliche Differentialgleichungen beliebiger 
Ordnung, p. 85. 


= 
= 
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Hence 
(4) Wy we = 

If there is a solution of (1) of period /, at least one of the w’s 
is 1; and conversely if at least one of the w’s is 1 there is a solu- 


tion of (1) of period /. If all of the solutions of (1) are of period /, 
every w=1 and therefore 


ztl 
= 1, or f 


But if every w=1 not every solution is necessarily of period /. 
For example, for certain values of a the Mathieu equation 
y”’ + (a — 2b cos 2x)y = 0 


has a solution of period 7. We can take ]=z. Moreover po=1 


and p,=0. Hence 
= 0. 
Po 


That is, the product of the w’s is 1 and one of them is 1. Hence 
the other one is also 1. But not every solution is of period* z. 
Consider now the adjoint of (1); namely 


(5) L(z) = 0. 


The functions 


1 dlogD 
(6) = — 


= 
Po 1) 


form a fundamental set of solutions off (5). It follows from re- 
lations (6) that when x is changed to x +/ the 2’s are transformed 
contravariantly to the y’s. The determinant of this transforma- 
tion is made up as follows. 

Corresponding to the ith elementary divisor of (3) there is a 
minor of this determinant of the form 


* Ince, Ordinary Differential Equations, p. 177. 
1 Darboux, Théorie des Surfaces, vol. 2, p. 102. 
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1 1 
w? ( ) 
1 
0 0 (- 
1 
0 0 


The principal diagonal of this minor lies on the principal diag- 
onal of the determinant, and every element of the determinant 
that does not belong to one of these minors is zero. 

The roots of the characteristic equation of this transformation 
on the 2's are the reciprocals of the roots of the corresponding 
equation for the y’s. Moreover, the elementary divisors of the 
left member of the characteristic equation relating to the 2’s 
are the same as those for the left member of (3) with the ex- 
ception that w—1/w; takes the place of w—w;. Hence (1) and its 
adjoint (5) have the same number of linearly independent solu- 
tions of period* /. It follows that if L(y) is an exact derivative, 
the equation L(y) =0 has a solution of period J, since L(z) =0 
has a constant for a solution, and this is of period /. 

If now (1) is self-adjoint the equation (3) is a reciprocal equa- 
tion, and if m is odd there must be an odd number of roots that 
are their own reciprocals; that is, an odd number of roots must 
be +1. But if an odd number of these were equal to —1, the 
product of all the roots would be —1, since the other roots that 
are different from 1 occur in pairs of reciprocals. On the other 
hand, since (1) is by supposition self-adjoint, p:=ap¢ /2, and 


z+l n z+l n z+l 
f Po, = — log ps| = 0. 
z Po Po 


That is, by (4), the product of the roots of the characteristic 
equation (3) must be +1. Hence an odd number of these roots 


* See Fite, loc. cit., p. 61. 
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are equal to 1 and equation (1) has at least one solution of 
period /. 

A similar analysis applies if we pass to the complex plane and 
require merely that the coefficients be one-valued in the neigh- 
borhood of z=2» and that pp» have a pole of order j at this point 
(j20). If (1) is self-adjoint the product of the roots of the 
characteristic equation of the transformation on a fundamental 
system of solutions due to a circuit around z=2 is equal to 


nN po 


de mettim +1, Ip=——| —dz, 


according as j is even or odd. If m is odd and 7 is even, mj is 
even and an odd number of the roots of the characteristic equa- 
tion are equal to 1. Hence there is at least one solution that is 
one-valued in the neighborhood of z=2». But if ~ and j are both 
odd, an odd number of the roots of the characteristic equation 
are equal to —1, and there is at least one solution that is two- 
valued in the neighborhood of z=2o. 

If in (1) we again assume that the coefficients are real and of 
period / and put y=e”t, ¢ will be a solution of the equation 


(7) pot™ + (nmpo + pit + --- 
+ + + + = 0. 


If now ¢ is a solution of (7) of period /, y is a solution of (1) such 
that 
y(x + 1) = emy(x). 


Hence (7) cannot have solutions of period / for more than r real 
values of m, where r is the number of distinct positive roots of 
(3). Nor can it have semi-periodic solutions with a given real 
multiplier ¢ for more than 7 real values of m, where r is the num- 
ber of distinct roots of this characteristic equation that have the 
same sign aso. 

Suppose that 


(8) L(y) = $(x), 


where ¢(x) is not identically zero and is of period /, has a solution 
y of period /. This assumption is certainly realized if (1) has no 
solution of period / other than* y=0. If (1) has r (7 >0) linearly 


* Fite, loc. cit., p. 60, Theorem I. 
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independent solutions of period /, equation (5) has the same 
number. We represent them by 2%, 22,---, 2. If now in the 
Lagrange identity 


we put for y a solution of (8) of period / and 2; for z, we get 
= ¥(y, zi). 


Now y(y, 2;) is a polynomial in y and 2; and their derivatives 
together with the coefficients of L(y) and their derivatives. It 
is therefore of period / and z:¢(x) is the derivative of a func- 
tion of this period. This means that in order that (8) have a 
solution of period / it is necessary that z@(x) be the derivative 
of a function of this period in case z is any solution of (5) of this 
period. 

We consider now whether this condition is sufficient. If ¢ is a 
solution of the adjoint of the equation L’(y) =0, tL’(y) is an 
exact derivative, as is also tL’(y)+#’L(y). Hence t’L(y) is an 
exact derivative and ?¢’ is a solution of L(y) =0. Moreover, if t 
is a function such that ¢’L(y) is an exact derivative, then ¢L’(y) 
is an exact derivative and ¢ is a solution of the adjoint of L’(y) 
=0. Hence this adjoint is Z(t’) =0. 

The solutions of L(y) =0 and L(y) =c, where c is any constant 
~0, are solutions of L’(y)=0 and every solution of this last 
equation is a solution of one or the other of the two preceding 
ones. If, then, L(y) =0 has r(r>0) linearly independent solu- 
tions of period /, and no more, and L(y) =c has no such solution, 
L’(y) =0 has only r linearly independent solutions of this kind, 
and its adjoint has the same number. If now every one of the r 
linearly independent solutions 2, 22,---, 2 of L(y)=0 of 
period / were the derivative of a function of this period, that is, 
if t;= fz;dx, (i=1, 2, - - - , r), were of period /, then the #;’s to- 
gether with ¢,,:=1 would form a system of r+1 linearly inde- 
pendent solutions of the adjoint of L’(y) =0 of period /. But we 
have just seen that this adjoint has only 7 linearly independent 
solutions of this period in case L(y) =0 has only r linearly inde- 
pendent solutions of this kind and L(y) =c has none. If L(y) =0 
has no solution of period / other than y=0, the condition in 
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question is obviously satisfied and, as we have seen, L(y) =c 
has a solution of this period. The condition is therefore sufficient 
in case ¢(x) is a constant. 

Suppose now that ¢(x) is a non-constant function of period 
l. The solutions of (8) are also solutions of the equation 


L(y) 
$(x) 


for all values of x for which (x) 0, and the coefficients of (9) are 
of period /. Moreover, 2:6(x), (¢=1,2,---,m), form a linearly 
independent set of solutions of the adjoint of the equation 
L(y)/o(x) =0, and 2:6(x), - - - , are all of these 
that are of period /. Therefore a sufficient condition that (8) have 
a solution of period / is that 2;¢(x), (i=1, 2,---, 1), be the 
derivatives of functions of period /, and this condition is neces- 
sary. This is equivalent to the condition So's (x)dx =0, @=1, 
2,---,7). We have therefore the following theorem. 

THEOREM. If o(x) #0 and $(x)40, while o(x) and the coeffi- 
cients of L(y) are of period l, a necessary and sufficient condition 
that L(y) = (x) have a solution of period | is that =0 
when z is any solution of L(y) =0 of period I. 


(9) 


The sufficient condition given in Theorem 2 of the article re- 
ferred to in the first paragraph is obviously incorrect, as may be 
seen by considering the equation 


1. 


The right member and the coefficients in the left member are of 
period 27. Moreover y=sin x is a solution of period 27 of the 
corresponding homogeneous equation, which is self-adjoint, and 
| 3 * sin xdx=0, while not every solution of the homogeneous 
equation is of period 27. And yet the original equation has no 
periodic solution, since if y were such a solution we should have 
y’'’+y’=x+c. But this is impossible since the left member 
would be periodic while the right member is not. This is in con- 
formity with the conditions of the present theorem since z=1 
is a solution of period 27 of the adjoint of the homogeneous 
equation and +0. 
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TRANSFORMATIONS ASSOCIATED WITH THE 
LINES OF A CUBIC, QUADRATIC, OR 
LINEAR COMPLEX* 


BY I. O. HORSFALL 


1. Introduction. In this paper it is shown that two equations 
bilinear in p;, and x; define an extensive type of cubic complex 
and also map the complex on the space (x) so that each line is 
mapped by a point on itself. The cubic complex of lines joining 
corresponding points of the general cubic involutorial trans- 
formation is included as a special case. The method is also ap- 
plied to two known cases of the quadratic complex and the 
linear non-special and special complex. 


2. The Cubic Complex. Let 


(1) = 0, 
and 
(2) (p) 0, (i = 2, 3, 4), 


be two equations bilinear in x; and the line coordinates 
Pik = — XEYVi- 

The x; and p; satisfy four identities of the type 

(3) + Xjpei + xepi; = 0. 


The equations (1) and (2) represent two quadrics through (y) 
which meet in a C; through (y). The lines of the cubic cone with 
vertex (y) through C, belong to a cubic complex. If we eliminate 
the x; from (1) and (2) and any two of (3), we have the equation 
of the cubic complex each line (J) of which is mapped by a point 
(x) on (J). 

From (1), (2), and (3) we see that the p;, are quartic functions 
of x;. Hence any linear complex meets the cubic complex in a 
cubic congruence which is mapped by a quartic surface F,(x). 
Two linear complexes meet the cubic complex in a cubic ruled 


* Presented to the Society, October 29, 1932, 
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surface which is mapped by the intersection of the two cor- 
responding F;,’s. Let 


x1=x.=0, X%3=%,=0 


be the pair of polar lines common to the linear complexes. If the 
coordinates of a line through a point (x) meeting the polar lines 
are substituted in (1) and (2), we have two cubic surfaces 
through x,=x2=0, x3=x,=0 which meet in a residual C;, the 
variable intersection of the two F,’s. The C; meets each polar 
line in 4 points and is of genus 4. The common curve of all the 
F,’s meets C; in 22 points and is of genus 8. Hence the cubic 
complex is mapped on S; by the linear system of quartic sur- 
faces through a Cy, p=8. 


3. The Cubic Complex of the General Cubic Involutorial Trans- 
formation. If (y) and (z) are conjugate points in the involutorial 
transformation they are polar conjugates with respect to three 
quadrics which by a suitable choice of coordinates have the 
equations* 

4X + — = O, 
(4) boxer, b3x%3X4 — X%3%1 = 0, 
1X4 CaXeX4 CaXgX4q — = 0. 
Hence, if 
= + Gj = 1,---, 4; 


the three bilinear equations which define the involution may be 
written in the form 
(5) $23 = + 428 42 + 43843, £31 = bigas + + bsgas, 

$12 = C1841 + C2842 + C38 43- 


The gi; and px satisfy the identities which express the fact that 
(gin, Zis, Zia), (4=1, - - - , 4), are on the line Hence 
(6) goipsa + + = 0, giepas + gisPs2 + = O. 


If we substitute in (6) for go3, g31, Zi from (5) and use x; for gai, 
(i=1, 2, 3, 4), then (6) is the form of (1) and (2) for this case. 
These two equations with any two of (3) define the cubic com- 


* F. R. Sharpe and V. Snyder, The (1, 2) correspondence associated with 
the cubic space involution of order two, Transactions of this Society, vol. 25 
(1923), pp. 1-12. 
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plex and map a line (/) of the complex on a point (x) of (/).* The 
cubic inversionf is the special case when 


1, 
and the other coefficients in (4) are zero. 


4. The First Type of the Quadratic Complex. If the cubic com- 
plex of §2 reduces to a quadratic complex, then C, must break 
up into a cubic curve through (y) and either a line joining (y) 
to a fixed point O, or a fixed line (J). 

In the first case the quadratic complex contains the bundle 
of lines through O, and the Kummer surface is a Steiner surface 
having three double lines through the triple point O. If the 
planes through the lines are 


1 = 0, 0, x3 = 0, 
the quadratic complex has an equation of the form 
(7) Apospis + bpsipes + + Fo = 0, 


where F; is quadratic in p23, psi, Pir. 
Consider the bilinear equation 


(8) po3(A x) psi(Bx) Pi2(Cx) = 0. 
From equations (3), (7), and (8) we can derive the equations 
pes ps1 pre 


xe(Cx) — x3(Bx) 7 x3(Ax) — x(Cx) x1(Bx) — 


which may be written 


where f; =0 is a quadric through a cubic C; which passes through 
O. Using (9) we find 


* For another method of mapping the cubic complex see D. Montesano, 
Su di un complesso di rette del terzo grado, Bologna Memoria, 1893, pp. 549-577. 
See p. 565. 

+t L. Godeaux, Recherches sur les surfaces algébriques de genres zéro et de 
bigenre un, Académie Royale de Belgique, Classe des Sciences, Bulletin, (5), 
vol. 12 (1926), pp. 892-904. See pp. 896-897. 


| 1 | 2 | 3 
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pos = filaxifi + + cxsfs), 
par = fo(axifi + + cxsfs), 
Piz = fa(axif: + + cxsfs), 
= xFo(f) — (b — o)fofaxs, 
bos = — — a) fafixs, 
pss = — (a — 


Hence if (x) is given, the pj, are quintic functions of the x;. 
Conversely, if the p;, are given satisfying (7), we can write (8) 
in the form 


(10) 


> 
= 
| 


+ + + = 0, 


and, using (3), we can find for x; the expressions 


(11) = + + dspis + (i = 1, 2, 3, 4), 


which are quadratic in the p;,. The quintic surfaces (10), pi, =0, 
have C; for double curve. From (10) we see that if p23, $31, P12 are 
fixed, then the lines of the complex lie in the fixed plane 


(12) xifi + Xefe + Xafs = 0, 


and pass through the point (y) on the Steiner surface, where 


= (6—O)fefs, ye = (¢ — a)fafi, 
ys = (a—D)fifo, ys = Fil). 


The equations (13) map the Steiner surface on a plane (fi, fo, 
fs). If we substitute the values of (y) from (13) in (8) we have 
the condition that the point (y) lies on the line in which (8) 
meets (12). This is a cubic relation in (f) so that on the plane 
(f) we have a cubic curve of genus 1 to which corresponds a 
Cs, p=1, on the Steiner surface meeting C; in the 9 points apart 
from O in which C; meets the Steiner surface. This C; lies on all 
the quintic surfaces p,,=0. The intersection of the quadratic 
complex with a linear complex is therefore mapped by a quintic 
surface F;:C?Cs. Two quintic surfaces meet in a variable C;, 
p=1, meeting C; in 11 points and C, in 9 points. Three quintic 
surfaces meet in 4 variable points. 


(13) 


5. The Cremona Transformation A ssociaved with the Quadratic 
Complex. Consider a second bilinear equation 


= 
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(14) pos(A’x) + pai(B’x) + pis(C’x) 
=dimt+ dz + dj x3 + di x, = 0. 


Solving as in (11) for x; in terms of $;, and substituting from 
(10), we have expressions which are linear in the F;: C#? C; with 
coefficients linear in (f). Hence we have a Cremona transforma- 
tion of order 7 of the form F;:C?C,. A surface F;:C? can be 
mapped on a plane by C;:18A, quintics through 18 fixed points. 
The curve C; is mapped by C,:18A? and the intersection of a 
variable F;:C? by (Cs:18A. For the system F;:C#C,, the 
Cs:18A consist of C.:3A, image of the variable curve C;, p=0, 
a fixed C;:9A, image of Cs, p=1, and a fixed curve Cs, p=1. The 
triple curve C; meets C; and Cy in 9 and 15 points, respectively, 
and C; in 12 points, Cg and Cy meet in 9 points and meet C; in 
6 points.* 


6. The Involutorial Transformation belonging to the Quadratic 
Complex. If we replace (14) by 


(15) + pale + pus = 0, 


where H;=0 is a quadric, the surfaces f;=0 are cubics through 
a C;,p=5,which passes through O, and the surfaces p;; =0 are of 
the form F;:C?. The line in which the plane (8) met the plane 
(12) is replaced by a conic. If the point (y) is on the conic, we 
have a relation of the fifth order in fi, fo, fs so that the surfaces 
F; are of the form F;:C? Cio, p=6. The curve C; meets the 
Steiner surface in 25 points apart from O. Hence C; meets Cj in 
25 points.¢ To a line of the complex correspond two points (x) 
on the line. Two surfaces F;: C7? Cio meet in a variable Cu, p=8, 
meeting C; and Ci in 27 and 15 points, respectively. Three of the 
surfaces meet in 8 variable points. Given a plane (kx) =0, we can 
find the x; in terms of the k; and px as in (11). Substituting 
these values for the (x;) in (15) and for the p;, from (10), we 
have a relation which is quadratic in the k; of which (kx) is a 
factor. The other factor is the image of (kx) =0 in the involu- 
torial transformation which interchanges the two points (x) 


* Compare D. Montesano, Su le trasformazioni univoche dello spazio che 
determinano complessi quadratice di rette, Reale Istituto Lombardo Rendiconti, 
(2), vol. 25 (1892). See p. 803. 

+ Compare D. Montesano, Reale Istituto Lombardo Rendiconti, (2), 
vol. 25 (1892), p. 802. 


= 
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on a line pi of the complex. This involutorial transformation 
is therefore of the form Fig: C?Ci¢?. There are 25 trisecants of 
Cz which meet Cio so that the surfaces all contain these 25 
parasitic lines. 


7. The Second Type of the Quadratic Complex. If the quadrics 
(7) and (8) are replaced by 


(16) ax, = bxe, cx, = dx2, 


where a, b,c, and d are linear in the p;, the lines belong to the 
quadratic complex ad —bc =0. The intersection of this complex 
with a linear complex is mapped by a quartic surface F,:/?, 
where /=x,=x2=0. The intersection with a linear congruence is 
mapped by the intersection of two cubic surfaces through / and 
the directrices of the congruence and is therefore a variable Cg, 
p=1, meeting / in four points. Two of the surfaces F;:/? meet 
therefore in a fixed Cs, p=1, meeting / in four points. Consider a 
second pair of equations 


(17) ax; = bx4, = dx, 


which give a second mapping of ad—bc=0. The two mappings 
determine a (5, 5) Cremona transformation F;:?Cs. There is 
therefore an additional simple basis curve C;, p=0, meeting 
land CG, in four and eight points, respectively.* 


8. The Second Type of Involutorial Transformation. If we re- 
place (16) by 


(18) aH, = cH, = 


where H,=0, H2=0 are quadrics meeting in C;, p=1, the inter- 
section of the quadratic complex ad—bc=0 with a linear com- 
plex is mapped by a sextic surface Fs:C;?, and with a linear 
congruence by the intersection of two quartic surfaces through 
the directrices of the congruence and through C,, that is, by a 
Cio, P=7, meeting C, in 16 points. Two surfaces Fs:C? meet 
therefore in a variable Cio, p=7, and a fixed Cio, p=7, meeting 
C; in 16 points. On each line of the complex are two associated 
points (x) and (x’). Given a plane 2a;x/ =0, we find 


* F. R. Sharpe, Involutions of order n with an (n—2)-fold line, Annals of 
Mathematics, (2), vol. 31 (1930), pp. 637-640. 


= 


I. O. HORSFALL [December, 


= + aspis + 
and three similar equations. From (18) we have 
Hi Hz = 0. 


Substituting for the x/ and for the i: in terms of the x; we have 
a relation which is quadratic in a; and has 2a;x; for a factor. The 
other factor is the image of Za;x/ =0 by the involutorial trans- 
formation defined by (18). Hence the transformation is of the 
form Fi3:C3C,¢. There are 16 bisecants of C, which are bise- 
cants of Cio and therefore lie on the F,3.* 


9. The Linear Complex. Consider the linear complex p12 = pss 
and the bilinear equation 


Meopiz + Mspis + Mapas + Mspos + = O, 


where the m; are linear in x;. Proceeding as in §2 we may show 
that the linear complex is mapped on S; by the linear system of 
cubic surfaces through a C;, p=1. 

The transformations belonging to a linear or special linear 
complex have been discussed synthetically by Montesano and 
Pieri. If we use one equation bilinear in x; and p;, and either 
piv = px or Pi2=0, we can readily obtain the results of Monte- 
sanof and Pieri.t{ 


CORNELL UNIVERSITY 


* D. Montesano, Reale Istituto Lombardo Rendiconti, (2), vol. 25 (1892), 
p. 803. 

¢ Compare D. Montesano, Napoli Accademia delle Scienze Fisiche e Mat- 
ematiche, Rendiconti, (2), vol. 2 (1888), pp. 181-188. D. Montesano, Rendi- 
conti dei Lincei, vol. 4 (1st semester), 1888, pp. 207-215, 277-285. 
t Pieri, Rendiconti di Palermo, vol. 6 (1892), pp. 234-244. 
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NOTE ON THE GRADIENT OF THE 
GREEN’S FUNCTION* 


BY G. C. EVANS 


1. Integral of the Gradient of the Green’s Function. The author, 
in 1929,7 mentioned without proof the fact that for a bounded 
open simply connected plane region T the integral 


1(M) = | vg(M, P)| dop, 


where Vg(M, P) denotes the gradient of the Green’s function 
with pole at M, is bounded, independently of the position of M@ 
in 7. A corresponding result holds for convex regions in three 
dimensions. It is the purpose of this note to bring out some of the 
differences between the two- and three-dimensional situations by 
a comparison of the analyses for the general plane simply con- 
nected region and the star-shaped three-dimensionai region. 


THEOREM 1. Let T be a bounded open simply-connected region 
in the plane, g(M, P) its Green’s function with pole at M, and 
I(M) = Jr |Vg(M, P) |dop. Then 


(1) I(M) < (24Tg)"*(1 — 


where g is an arbitrary positive number and T siands for meas. T; 
in particular 


(1’) I(M) < 


For a given M the level curves of g(/, P) are simple closed 
analytic curves, and neither g(M, P) nor its gradient vanishes 
at a point of 7. Denote by h(M, P) the function conjugate to 
the Green’s function, by ds the element of arc of the level curve 
s of g(M, P), and by dn the element of arc of the normal tra- 
jectory n, taken as positive in the direction towards M. The 
integral I(M) is evidently convergent. 

The Jacobian J =d(x, y)/d(g, h) has the value 


* Presented to the Society, August 31, 1932. 
t Evans, Discontinuous boundary value problems of the first kind for Pois- 
son’s equation, American Journal of Mathematics, vol. 51 (1929), pp. 1-18. 
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d(x, ¥) dn\?2 ds\? 

(2) - = | P)|-, 
d(g, h) dg dh 


and if u+vi=w(z)=e ©» transforms the region 7 into the 
interior of the unit circle in the w-plane, the value of the Jacob- 
dz 


ian J =d(x, y)/d(u, v) is 
3 dn\? 
dw dg 


d(x, y) 
d(u, v) 
for dw/dz= —wd(g+hi)/dz= —w(dg/dx—i0g/dy), and dg/dn 
= |dw/dz|/|w|. 
Hence if y is any positive number, p:=e~’, and p, @ are polar 
coordinates in the w-plane, 


(3) 


1 | dz | dz 
(4) I -f — dudw -f dp { —|d0 
(p<1) wii! dw 0 0 dw 
=+/:, 
where 
| dg : 
(4’) (o<y)! dn | Pa 
| dg 
I, -f |—|do = f(e)dp, 
dn} 
with 
dz | 
(4’’) f(e) dé. 


Now by Schwarz’s integral inequality, using (2), and writing 
T for meas. T, we have 


dg\? 
f f ds < rf dgdh < 2nTy, 
(o<y) \dn (9<7) (9<7) 


(5) I, < (2xTy)*/?. 


But by Hardy’s well known theorem f(p) is a non-decreasing 
function of p, for dz/dw is holomorphic in |w| <1. Hence 


and 
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I, = f(oi)(1 — pi), Te S 


Consequently 
and 
e 
(5’) I, < (24Ty)'/? (2xTy)!/2 ; 
1—e7 


From (5) and (5’) we have (1), denoting y by g. 

In particular, we may choose g so as to make the right-hand 
member of (1) a minimum, for this expression is positive and 
becomes infinite as g tends to 0 or ©. In fact, the derivative of 
g'/2(1—e-*)-! vanishes at one and only one positive value of g, 
corresponding to the positive solution of the equation e? = 1+ 2g. 
We calculate 


g = 1.256, = 3.512! = .285, 


whence we have (1’). This completes the proof of the theorem. 

In particular, if T is a circle and M is at the center, we have 
I =2(rT)*/?, by direct calculation, a result which is near enough 
to (1’) to suggest an interesting problem in the calculus of 
variations. For the circle of unit radius, M being distant a, 
a<1, from the center, we have [=x[(1—a?)/a] log [(1+<a) 
/(1—a)], and in fact I is maximum when a =0. 


2. Corollaries. The following remarks follow as corollaries. 
The integral J(M), from (2), takes the forms 


(6) 1(M) = f f 
0 0 


so that again, each of these quantities is bounded, independently 
of the position of M, in accordance with the theorem. 

Moreover s, is an increasing function of p=e~*.* In fact, 
s,=f \dz/dw |d( p0) = pf(p), which is strictly increasing, since 
f(p) is non-decreasing. From (5) therefore, gs,<1i<(24Tg)"/? 
and 


* W. Seidel, Uber die Rinderzuordnung bei konformen Abbildungen, Mathe- 
matische Annalen, vol. 104 (1931), pp. 182-243. 


— 


G. C. EVANS 


1/2 —1/2 
(7) (=) = (——) : 
g — log p 


Similarly, from the inequality on f(p), we have the sharper 
inequality 


(7’) Sg < — 


[December, 


Finally, f(p) =27s,/c,, where c, is the circumference of the 
circle of radius p=e~*, and therefore 


ls, 
(8) [= ar f — dp, 
0 


where s,/c, is a non-decreasing function of p. 


3. Three-Dimensional Case. For a three-dimensional region 
T, which is homeomorphic with the interior of a sphere, the 
function g(M, P) is defined by the methods of Harnack, but its 
gradient may vanish at some interior point even if the boun- 
dary of T is normal with respect to the Dirichlet problem.f The 
level surfaces would not then necessarily be homeomorphic with 
the surface of a sphere. For the theorem which follows, we re- 
strict ourselves merely, however, to a region 7, bounded and 
homeomor phic with the interior of a sphere. 


THEOREM 2. Let F be the set of points M of T from which T is 
star-shaped. Then F is null or closed with respect to T. Let 
I(M) = fr |Vg(M, P) |drp. Then for all points of F 


©) I < + 
where g is an arbitrary positive number. 


In particular, if T is convex, F=7 and (9) holds for all points 
of T. 

We prove that F is closed with respect to T by proving that 
the complementary set in 7, namely T— F, is open. Let M bea 
point of 7—F. Then, by definition, there is a point P of T such 
that the segment ./P contains a point, say Q, not in T. Con- 
sider the lines through Q, and let ty, tp be spherical regions, 


* J. J. Gergen, Mapping of a three dimensional region on a sphere, American 
Journal of Mathematics, vol. 52 (1930), pp. 197-224. 

7 J.J. Gergen, Note on the Green function of a star-shaped three dimensional 
region, American Journal of Mathematics, vol. 53 (1931) pp. 746-752. 
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with centers M and P and radii py and pp, respectively, small 
enough to lie entirely in T. Given pp we can choose py small 
enough so that every line through Q and a point of ty passes 
through a point of rp. This will be the case if py < pp-(MQ/QP). 
Hence every point of T— F is an interior point of T— F. 


4. Proof of Second Part of Theorem 2. In order to prove the 
remainder of the theorem, let JT’ be a bounded simply-con- 
nected region whose boundary is normal with respect to the Dir- 
ichlet problem, and let M be a point of T’ such that Vgr-(M, P) 
does not vanish for P in T’; this will be the case, in particular, 
if T’ is star-shaped from M. Such a region may be mapped on 
the interior of a unit sphere in a one-one manner in such a way 
that the level surface g(M, P) =g goes into the concentric sphere 
of radius p=1/(1+g), and the normal trajectories to the level 
surfaces go into the radii of the sphere; the mapping is not con- 
formal, but on the other hand, again unlike the plane case, it 
reduces to the identical transformation as p tends to zero.* 

Hence if we consider the cone of trajectories abutting on an 
element dS, of the g-surface, which subtends a solid angle dw 
at M and the corresponding element of surface dC, on the sphere 
of radius p=1/(1+g), we have 

4 = do = 

dn dp dC, dp 
instead of dS,/dC, =(dn/dp)*, which would be the case if the 
transformation were conformal. We have 


d(g, dg)’ 
(10) (g, w) g 
1 (=) 1 
and 
dg dn 1S, 
(11) 7M) -f = ar= f dg dw = 4x f 
dn 4g o C, 


* J. J. Gergen, American Journal of Mathematics, vol. 52, loc. cit. The 
identity (dg/dn)dS,=dw is established by Gergen in the as yet unpublished 
part of his Thesis (Rice Institute, 1928). With the mapping already set up the 
demonstration is not difficult. 
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with similar forms for the two integrals J; = {¢, <,) (dg/dn) dr and 
f@>»(dg/dn) dr, y being a positive number. 
Analogously to the plane case, we have 


de\? 
rf rf dg da = 
dn 


consequently 
(12) I, < (4ryT)!?. 


But for the treatment of Jz we cannot follow the earlier method, 
since f(p) =42S,/C, is not now necessarily a non-decreasing 
function of p. 

In fact, if 7’ is a sphere of radius a and r=(x?+~y?+327)"/?, 
M being at the origin, we have g(M, P) =1/r—1/a, and cor- 
responding values of r and p are given by the relation 1/r—1/a 
=1/p—1, so that 


which is an increasing function of p if a>1, but a decreasing 
function if a<i. In the plane, the corresponding expression for 
two circles is independent of p. 

Let us suppose, however, that 7” is star-shaped from M. lia 
this case the g-surfaces are homeomorphic with spherical sur- 
faces, are analytic and enclose regions which are star-shaped 
from M; moreover* 


| vg(M, P)| > g/r, y= MP. 


But g(M, P) =1/r—v, wherez is a harmonic function positive in 
T’, so that 1/r=v+g>g; consequently 


| vg(M, P)| > g?. 
It follows, then, that 


d dg\-! 
n= f = f duodg 
(o>v) an \dn 


< an f g *dg = 4ry"'. 


* J. J. Gergen, American Journal of Mathematics, vol. 53, loc. cit. 


1—a 

= a 
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This, with the inequality already obtained for J,, gives 
I + y>0, 


for all points M from which T” is star-shaped. The minimum 
value of this expression occurs for y=2(22/T)**, from which 
the value in the second member of (9) is obtained, namely, 

We note, incidentally, that from the values of dS, and dn, 
already given, we obtain 


=f Sdg= Node, 
0 
S, being the total area of the g-surface and N, the total length 
of the trajectory originating at M in the angular element dw. 


5. Boundary of T not Normal. We may pass now to the 
theorem for T, whose boundary may not be normal for the 
Dirichlet problem. It may be remarked, nevertheless, that the 
presence of an irregular boundary point very much restricts 
the nature of the set F. 

Let M be a point of F, r= MP, Q the point where the ray r 
cuts the unit spherical surface with center M, P’ the first point 
where it cuts the closed boundary set T—T. Then (following 
Gergen) r’= MP’ is a lower semi-continuous function of Q on 
the unit sphere, r’=f(Q). We have, then, f(Q) =lim,_.f,(Q), 
where the f,(Q) may be chosen as a strictly increasing sequence 
of continuous functions; in fact, the choice may be made so 
that we have —fn(Q) >1/n—1/(n+1) =1/(n?+n). For n 
great enough the regions 7,:r<f,(Q) contain M and are 
(evidently) star-shaped from M. But each f,(Q) may be re- 
placed by a function ¢,(Q), as regular as we please, such that 
uniformly |f,(Q)—¢n(Q) | <1/(2n?+2n); in fact, such a func- 
tion ¢.(Q) may be obtained by averaging f,(Q), more than once 
if necessary, over a circular neighborhood of Q on the unit 
sphere, the radius of the neighborhood being a constant 6 chosen 
suitably small.* 

Thus we obtain a strictly increasing sequence ¢,(Q) which 
defines a sequence of regions 7,’ , such that T,/ is contained in 


* For the properties of approximations in average consult H. E. Bray, 
Proof of a formula for an area, this Bulletin, vol. 29 (1923), pp. 264-270. 
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T,,_1. These regions are star-shaped from M, have boundaries 
which are regular with respect to the Dirichlet problem and, for 
n great enough, contain any given closed subset of T. In fact, 
=f(Q). If gx(M, P) denotes the Green’s function 
for T,., we have, uniformly in any closed subset K of T—M, 


lim ga(M, P) = g(M, P), 
lim |v gn(M, P)| = vg(M, P), Pin K. 
But for m large enough so that K is contained in T,! , we have 
K 
y an arbitrary positive number. Hence 
K 
and finally, 
f | vg(M, P)| drp + (4ryT)"2. 
T 
This completes the proof of Theorem 2. 


For the sphere of radius R, with M at the center, we calcu- 
late 


I = = = - 


Tue Rice INSTITUTE 
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ON THE APPROXIMATE SOLUTION OF LINEAR 
DIFFERENTIAL EQUATIONS WITH 
BOUNDARY CONDITIONS* 


BY W. H. Mc EWEN 


In a recent paperf the writer has studied the convergence of 
trigonometric and polynomial approximating sums to the solu- 
tion of the mth order linear differential system 
amy 


dx™—! 


+ = R(x), 


L(y) = + Q1(x) 
x 
(1) 
Uy) = yG-Y(a) = hi, 
j=l 
(i = 1,2,--+,m); 


the approximating sums being defined by a least rth power 
criterion of best approximation. Thus in the polynomial case the 
approximating sum P,,(x) was defined to be a polynomial of the 
nth degree which satisfies the boundary conditions U;(P,) =h; 
and at the same time minimizes the integral ts |L(P,) —R "dx 
in comparison with all other polynomials of that type, r being 
a preassigned constant >0. 

The purpose of this paper is to discuss the convergence ques- 
tion when a different criterion is used to define P,(x), namely, 
P,,(x) is the approximating polynomial of the nth degree for the 
solution of the system (1) if it minimizes the expression 


b m 
(2) f | L(P,) — + UP.) 


in comparison with all other polynomials of like degree, the r’s 
and C’s being given constants >0. Krylofft and Picone§ have 


* Presented to the Society, August 31, 1932. 

7 W. H. McEwen, Problems of closest approximation connected with the 
solution of linear differential equations, Transactions of this Society, vol. 33 
(1931), pp. 979-997. 

tN. Kryloff, Les Problémes Fondamentaux de la Physique Mathématique et 
de la Science d’ Ingénieur, Monographie dans le Domaine de la Mathématique 
Appliquée, 1932, pp. 234-240. 

§ M. Picone, Sul metodo delle minime potenze ponderate e sul metodo di Ritz, 
etc., Rendiconti di Palermo, vol. 52 (1928), pp. 237-244. 
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considered problems of minima similar to this but only for 
differential systems of the second order and with the additional 
restrictions, in the case of the former, that the r’s be all alike 
and not less than 2, and in the case of the latter that they be 
all alike and not less than 1. The methods used here are essen- 
tially different from those of the authors cited. 

The fact that for each value of m a polynomial P,(x) as de- 
fined above does exist, and when ¢ and the 7;’s are >1 is unique, 
can be proved without difficulty by means of an argument which 
has been used elsewhere* in establishing theorems on existence 
and uniqueness relating to other problems of minima. Without 
dwelling further upon this point we shall proceed at once to a 
discussion of the convergence question. 

In regard to the differential system we shall assume that it has 
a unique solution y(x), or in other words that the corresponding 
reduced system is incompatible. It is understood, as in the paper 
first cited, that R(x) and Q:(x),---, Qmn(x) are continuous. 
Then, by Theorem E of that paper, there exist polynomials 
p»(x), each of degree indicated by its subscript, satisfying the 
boundary conditions U;(p,) =h;, and such that fora<x<b 


(3) | y (x) Pa® (x) | En (k 0, 1, m) , 


with lim,.. €.=0. For the convergence proof when r<i, we 
shall assume that y(x) has further properties of regularity, which 
will automatically be realized if the coefficients in the differen- 
tial equation satisfy suitable conditions as to continuity and 
existence of derivatives, so that according to the remark follow- 
ing Theorem F in the earlier paper it is possible in (3) to make 
lim,.. €,"=0, where s is a preassigned positive number. 
Under these hypotheses we shall prove that the m quantities 
ly (x) —P,,® (x) |,(k=0,1, - - -,(m—1)), (and when r<1 the 
corresponding difference of the mth derivatives also) will con- 
verge uniformly to zero on the interval (a, b) as m becomes in- 
finite. 

Let F(x)=y(x)—p,(x), where p,(x) is the polynomial de- 
scribed in the paragraph above. Then F(x) satisfies the m homo- 
geneous boundary equations U;(F)=0. Let L(F) = Y(x), and 
let z,(x) be the approximating polynomial of the mth degree 


* See, for example, W. H. McEwen, loc. cit., pp. 981-982. 
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defined with respect to the differential system L(F)=Y, 
U;(F) =0, of which F(x) is the unique solution. If y denotes the 
expression which in this case corresponds to (2), then 


% 


(4) v=f 


‘dx + | 
i=1 


is a minimum for polynomials of the mth degree. But 0 may be 
regarded as a particular polynomial of the mth degree and more- 
over U;(0) =0. Hence it follows that 


b b 
(5) f Y|"dx = | L(F) |"dx < Ke, 


where K is a constant expressible in terms of the upper bounds 
which can be placed on the coefficients Q;(x), - - -, Qm(x) occur- 
ring in the left-hand side of the differential equation. 

Since each term of (4) is 20, it follows that each is Sy. Hence 


b b 
f | L(wn) — \'dx -f | — F)|"dx y, 


| U(r.) | = (i = 1,2,--+,m). 


By virtue of (5) these inequalities can be written 


b 
f | L(F — x,)|"dx Ke,", 
(6) | 
U; Tn) = (=) En’, (i = 2, m), 
( C, 
where s stands for the least of the positive numbers 1, r/n, 
r/te,---,1/tm, and €, is assumed to be <1. 
From this point on we consider separately the two cases 
r=1i1andr<i. 
The case r=1. Let u(x) = F(x) —7,(x) and Z(x) =L(u). Then 
u(x) satisfies the m boundary equations U;(u) = — U;(7.), and 
hence is the unique solution of the differential system 


L(u) Z(x), U U(r,), (7 = 1,2,---, m) . 


| 
| 
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Let G(x, £) be the Green’s function of the corresponding reduced 
system, and let Gi(x), G(x), - - - , Gm(x) be the respective solu- 
tions of the m systems 

0, when i ¥ j, 


L(y) = 0, ian. 
= 1, when i = j, 


Then 


b gk m 
4 


(k = 0,1,---,(m—1)). 


Hence, by virtue of Hélder’s inequality* and the fact that the 
functions 0*G(x, £)/dx*, G;“ (x) are bounded on (a, b), we may 
write 


b l/r m 
| w(x) | f IZ(@) at | + | 


where G is an upper bound of these functions. 

Making use of (6), and the assumption made earlier that 
€.<1 so that is the greatest of the numbers €n, €n”/"i, we can 
write 


| u*)(x) | SK 
where 


w=1 


But since 7,(x) and P,(x) are the respective approximating 
polynomials for F(x) and y(x), two functions whose difference 
is the polynomial p,(x), it is clear that 


u(x) = F(x) — = y(x) — P,(x), 
and consequently 


* We use this result in the form which states that if ¢(x) 20 and r is any 
real number = 1 then 
It is at this point that we use the hypothesis in the definition of P,(x) that 
r2i1. 


| 
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for k=0, 1, - - - , (m—1) and for all values of x on (a, 0). Thus 
the convergence of the approximating process is assured, since 
lima.» €n=0. 

The case r<1.* For the treatment of this case we shall estab- 
lish the following result. 


AUXILIARY THEOREM. I[f the polynomial 1,(x) satisfies the m 
boundary equations 


Urn) (i = 2, m) 
and if 5=max |L(x,)| on aSxSb, then 
(a) | | c[ a) + gi| = 0, ,m), 


and if Qi(x), - + + , Qm(x) have bounded first derivatives, 
< Dnt | a) + | 
t=1 


for all values of x on (a, b), C and D being constants independent 
of n and independent of the coefficients in 7,,(x). 


b 
( ) 


To prove conclusion (a) we proceed as follows. Let Z(x) 
=L(7,). Then 7,(x) is the unique solution of 


and hence 


b ok m 


i=1 
0,1,---,@— 1), 


where the G’s are the same functions as defined in the first case. 
Hence 


* The method of proof used in the first case is obviously not applicable 
when r<1 as it depended on a direct use of Hélder’s inequality. The proof 
which we shall give here, however, can be applied equally when r21, although 
the hypotheses which it imposes on the coefficients of the differential equation 
in order to insure a specified rate of convergence are somewhat more severe 
then in the first instance. As a point in its favor, however, it will be noted that 
the second method proves the convergence of m derivatives as compared with 
(m—1) by the first method. 
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' — b 
x) | f | Z(&) | dé + >| sl} 


i=1 
i=1 
This holds for k=0, 1, - - - , (m—1), but since 
= — — — Ontn, 


a similar inequality holds for k =m. Hence there must exist a 
constant C as stated in the theorem such that 


| < c| a —a)+ >| ] 


for k=0,1, - - - , mand for all values of x on (a, b). 

To prove conclusion (b) we note that 7,” is a polynomial of 
the nth degree (in which the powers of x from »—m-+1 on are 
absent), and therefore by Markoff’s theorem on the derivative 
of a polynomial 


| 1 nec | >| | | 
t=1 


Hence 


d 


+ + Onl ara | 
< a)+ >| gi| | 


t=1 


for values of x on (a, 0), where D is a constant of the character 
specified in the theorem. 

To proceed with the proof of the convergence theorem, let us 
suppose for the time being that 


(7) en’ < 6/[4(1 + m)M], 


where / is an upper bound of the coefficients in L(y). Let x: be 
a point of the interval (a, b) at which L(z,) attains its maximum 
value 6. Then, by virtue of the mean value theorem and con- 
clusion (b) of the auxiliary theorem, 


| 

| 

| 

| 

z 
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| L(n(x)) — | S| x — x1 | Dn? K 


i=1 


But g; = U;(7,,) and hence by (6), lg: | <(K/C;)""i ¢,*. Therefore, 
making use of (7), we can write 


| (K/C)) mM 


and so |L(an(x)) —L(aa(x1)) | < |D’'n6, where 


D = —a)+ [401 +m)M]— 


is a constant independent of n. 


We restrict our attention now to a small interval about x; in 
which |x—x,|<1/[2D’n?]. In this interval 


| L(mn(x)) — L(wa(x1))| 8/2, 
and since |L(7,(x:)) | =6, it follows that 
| | 2 6/2. 


But |L(F)| (m+1) Men <(m+1) M6/[4(m +1) M] =8/4. 


Hence in this interval 
| L(w,) — L(F)| = 6/4. 


As the interval from x to x1:+1/(2D'n?) or else that from 
x,—1/(2D’n?) to x; is contained in (a, b) for n sufficiently large, 


2D'n? 4 


1/r 
‘ax 


and by virtue of (6) and the fact that €, <,’ (€, being <1) 


b 
| L(x, — F)|’dx = 


Hence 


6 


5 


| 
| 
| 
| 
| 

it is clear that 

| 
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This result was proved on the basis of assumption (7), but if (7) 
does not hold then clearly 
5 < 4(1 + m)Me? < 4(1 + m)Mn?!"e,2. 

Hence if E is the larger of the two constants 4(2KD’)!/" and 
4(1+m) M, we can write in any case 
(8) < 

We make use of (8) and conclusion (a) of the auxiliary 


theorem to obtain an upper bound of |z,‘*)(x) |. Thus for 
k=0,1,---,m, 


| | < cho —ajit+ gi | 


i=l 


IIA 


ch — + | | 


i=1 


IIA 


cho — + | 


i=1 
= 
where C’ is a constant independent of n, the nature of which can 


be seen from the foregoing expression. 
From this last result it follows that 


| F(x) — | S| F(x) | + | (x)| S en + 
< , 
where C’’=(1+C’) is a constant independent of n. But, as we 
have already observed in the first case, F(x) —7,,(x) is identical 
with y(x) —P,(x) and hence 
| y)(x) — Py (x) | 

for k=0, 1, - - - , m, and for all values of x on (a, b). Thus the 
approximating process converges if lim, ...”?/"e,* =0. 


Mownt ALLISON UNIVERSITY, 
SACKVILLE, NEw BRUNSWICK 
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ADDITION FORMULAS FOR HYPERELLIPTIC 
FUNCTIONS 


BY W. V. PARKER 


1. Introduction.* In a recent paper the writerf discussed the 
Kummer surface associated with the hyperelliptic curve of the 
form 


This form for the curve was used by A. L. Dixon{ in a paper in 
which he obtained addition formulas for hyperelliptic functions 
with distinct arguments. Dixon emphasizes the unusual sym- 
metry of this particular form for the hyperelliptic curve. In the 
present paper duplication formulas are found as well as the 
addition formulas for distinct arguments. The odd functions 
used here differ from those of Dixon and are slightly different 
from the ones ordinarily used. The particular form used here 
seems desirable because of the symmetry. 


2. Distinct Arguments. Consider the fixed hyperelliptic curve, 
H, of genus two, given by the equation 


(1) 
and let LZ be a variable curve of the form 
(2) Mos = Nor? + nyr? + ner + Ns, my ~ 0. 


If 290, H and L intersect in six finite points any four of which 
are sufficient to determine L and hence to determine the 
remaining two points. 

Denote the six points of intersection of H and L by 


(a1, p1), (ae, p2), (61, 91), (Be, 02), (n, 71), (v2, T2), 
and let 


* This paper is a part of a dissertation written in Brown University, 1931. 
The writer is indebted to A. A. Bennett for many helpful suggestions. 

t This Bulletin, vol. 38 (1932), p. 403. 

t On hyperelliptic functions of genus two, Quarterly Journal of Mathematics, 
vol. 36 (1904), p. 1. 
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dr dr rdr rdr 

m= f <+ f f —-) 

8, dr B: dr 8, rdr 8: rdr 

" dr dr rdr 


We then have by Abel’s Theorem* 


uy + 0, + w; = 0 (mod period), 


(4) 
U2 + v2 + we = 0 (mod period). 
Let 
Ya 
— =a — = ats, 
be 
— p2 — py 
la = —————;; 
(ay = a2) a2) 


and denote similarly the corresponding expressions in fi, Bz, 
Yi, Y2, 71, T2. These are all periodic functions of the inte- 
grals u; and u2. We knowthat x_/ta,and ya/t,are even functionsf 
and 7. and ¢, are odd functions. The functions x,/ty, ¥y/ty,ny, Fy 
can be expressed rationally in terms of Xa, Ya, ta; Nay Sa, X8, Ye, 
ts, ns, C3. But x,/t,, yy/ty, ny, are the same functions of (w, we) 
aS Xa/ta, Va/ta, Na, fq are of and xs/ts, ys/ts, ns, are of 
(v1, v2), and since, from (4), 


= — (m+), 
and 


We = — (u2 + 2), 


these relations give us expressions for the functions of (w+, 
u2+v2) in terms of the functions of (u, and v2), the sign 
being positive for even functions and negative for odd functions. 
Furthermore £, can be expressed rationally in terms of Xa, 
Ye, ta, Na, and similarly yn. can be expressed rationally in terms 
Of Xa, Ya; ta, fa. For the functions are connected by the relations 


* Appell et Goursat, Théorie des Fonctions Algébriques, Chap. 9. 
+ Dixon, loc. cit. 
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= ayt + xy + 
(5) 2ying = byt — y? — BP — xz, 
= cyt + yz + xt, 
where 
2F (a1, a2) — 2pip2 
t (ay G2)? 
and 


2F (a1, a2) = (ai + a2) + 


+ + a2) + 2caya2 + a, + a2. 


We see from these relations that interchanging a with c and y 
with ¢ also interchanges y with ¢. 
If we eliminate s between (1) and (2) we get the equation 


ng r® + (2non, — me)r® + + — ame )r4 
(6) + (2nyn2 + 2non3 — 
+ (n? + 2nynz — cme )r? + (2nen3 — m?)r + nz? = 0, 


whose roots are a1, Q2, ¥1, Y2. Hence we have 


Xe Xp moe — 


ba tg t, ng 
(7) 


Since (a1, pi), p2), (Bi, 01), (B2, are on L, we have 


= Moa? + mae + nea + 3, 
Mop, = + + + Ns, 
Moo, = NPP + + + Ns, 
= + + + M3. 


From (8) we get at once 


(8) 


Xa be Va Xa 
Namo = — My + —— 3, = — — Mo + + — Nz, 
Vat a a Va 
(9) 
Xp bs Ye Xg 
Ngmy = -— No + ny — — Nz, = — — No + M2 + — Nz. 


tg 


Ya Vp Vy 
tg 
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If now we let mo=(alsho and n3=Ya¥ep3 and write 


| 
= (x, ¥), 


1 
| 


| Ya 8 1 


we get 

(10) 1)mo = (x, t)po + (y, t)p3, 1)mo = (t, ¥) po + (x, 
Weiting 

(x, #) (y, 4) 

(x, 


we have 
(x, t) (n, 1) 
DT 


i | (n, 1) (y, t) 
1) (x9) 
From (9) we get 


? 


2n, = + ns) + P3(Valg + Yeta) po(Xats + Xpta); 
mo(Sa + + polYats + Vata) — + 


(11) 


It is interesting to note here that interchanging y with ¢, and 7 
with ¢, interchanges pp with p3, 2) with m3, m; with m2, and leaves 
my unaltered. 

If we substitute the value for 2”, from (11) in (7) we get 


xy me — tatspo[mo(na + 18) + pa(Yats + Vota) | 


t2 ts? po 
(12) 


Vy i? Vas 


ty Petals 
Since the points (71,71), (¥2,72) are also on L we have 


ty Vr vy 
NyMo = — No + —— Ms, = — — No + + — Ms. 
ty Vy Vr 


If now we let xa: etc. denote the same functions of (#:+7, 
U2+2) aS Xq etc. are of (uj, ue) and xg etc. are of (v1, v2), we have 
the following addition formulas (valid for distinct arguments) : 
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(x,t) (y, 2) 
(t,y) (x, y) 


2 


Vyily = = { 


(n, 1) (y, t) (x, t) (y, t) 

(n, 1) (y, t) 


— 
(13) 
+ (Vale + Veta) 


2 


“42 
mo + petals 
Ps(Yalg + Yeta) a +78 
2mo Mofo 
Pol Yate + fat 
2mo 2 


These last two equations may be written 


Potata(f, 1) NaValg 18 pla 


= 


lata po p(y, (y, 4) 
mo 1) — SaVats 
Sy = — Sats = = 
YaYsps _—polt, (t, y) 


From (12) we get 
— talspolmo(na + 13) + Yate + Ysta)] 


Vy VaValata ps? 


If now we interchange y with ¢, n with ¢ and p» with p; we get 


Xy — + $8) + Po(Yals + Yate) | 


ty Va Vetatspo 


This is exactly the form obtained for x,/t, by using the coeffi- 
cient of r from (6) rather than the coefficient of r°. A somewhat 
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more symmetric though much longer form for x,/t, is obtained 
by taking one-half the sum of these two expressions. 

3. The Coincidence Case, Duplication Formulas. If (61, 1) 
coincides with (a;, p:) and also a2) coincides with (ae, 
that is, if u:=2, and u2=v2, the above formulas become inde- 
terminate in the sense that they do not give the expressions for 
the functions of (2%, 2u2) in terms of the functions of (mm, 2) 
simply by setting 7,=“, and v2=2. In order to obtain the 
formulas in this case as expeditiously as possible we determine 
the curve L so that it is tangent to H at each of the points 
(a1, p:) and (ae, p2). We then have by Abel’s theorem 


2u; + w,; = 0 (mod period), 2u, + wz = 0 (mod period). 
Since the roots of (6) are now a4, G2, Y2, we have 
Ly moe — 2non, 2X0 


(14) — = — 


where the ratios mo/mo, n2/mo, n3/mo are to be deter- 
mined from the equations* 
(15) yénmo = xyno + yin, — = — + ying + xing, 
(Sxy? + 4ay7t — 2cyt? — xt*)mo 

= + xy) + 4y%tnn, — 
(Sy? — — 2cxyt — + yl?)mo 

= — Ay*tin, — 2(xylf + y%tn)ne. 
The computation here is greatly simplified by introducing the 
function z/t as defined in (5) which is expressed rationally in 
terms of x/t, y/t, n, ¢ through the relations given there. Making 
use of these relations and writing 
= (y? — #)n + (xy — ps 

yn? + xno + ps 


pi 


tn? + anf + 
(xt — yz)n + (2 — yg, 


we get immediately 
Me = 2ytp,, No = tho, tps xPo + 2 ytpin, 


(17) 
Ne = — + 2ytpis, ns = yps. 


* Since there is no possibility of confusion the subscript a will be omitted 
in what is to follow. 


= 
= 
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If now %2_. etc. denote the same functions of (2m, 2u2) as xz etc. 
are of (u, u2), and we substitute the expressions from (17) in 
(14), we get the following duplication formulas: 


Since the points (y:, 71) and (y2, 72) are on L, we have 
xy t y x 
ty Vy 
Hence we have 


[(Aytpips — 2pops)t — |ps+ poltp? — ype) 


2ytpopips 
[(Aytpips — 2pops)y — xp? pal ype — 
2ytpopips 


where Po, pi, p2, ps are as defined in (16). 

For certain choices of (a:, pi) and (a2, p2) in the coincidence 
case, (71,71) will coincide with (v2, 72) and the curve L will be 
tangent to H at each of three points. In fact (ai, p:) can be 
chosen arbitrarily subject to the condition that p:+0 and then 
(a2, p2) can be determined in a finite number of ways so that the 
curve L which is tangent to H at (a1, p:) and (a, p2) will also be 
tangent at a third point. If we take a fixed point on H and de- 
termine a curve L through this point and any three of the points 
where H meets the r-axis, this curve L will meet H in another 
pair of points such that the L which is tangent to H at each of 
these is also tangent at the given fixed point. Furthermore all 
such tangent curves may be obtained in this way.* 


MississipP1 WoMAN’s COLLEGE 


* For proof of this statement see a paper by the writer in this Bulletin, vol. 
37 (1931), p.557. 


— 
= 
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A CORRECTION IN THE LIST OF PRIMES 
BY D. N. LEHMER 


My attention has been called by Franz Merkout of Gorlitz, 
Germany, to an error in carrying the hundreds digit from the 
bottom of one column to the top of the next in the List of Primes 
published by the Carnegie Institution of Washington in 1914. 
On page 11, at the top of the 13th column, the number in the 
table should be 628051 instead of 628151. The latter number is 
not a prime. All users of these tables should insert this correction 
in their tables. It is the first one so far discovered. 

Professor Kempner, of the University of Colorado, has 
pointed out that errors in determining the rank of a given prime 
would be less likely if the columns had been numbered from 0 to 
49 on the pages instead of from 1 to 50. This is perhaps true. At 
any rate the author in the introduction has made the mistake of 
listing the prime 5,815,627 as the 401,108th prime instead of the 
401,008th. In spite of this palpable testimony as to the chance 
of a slip with the present arrangement of the table I am in- 
clined to think the safety after making such a change would not 
be appreciably increased. 
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READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND SUBSEQUENTLY 
PUBLISHED, INCLUDING REFERENCES TO THE PLACES OF PUBLICATION 


Apams, C. R. On summability of double series. Read Sept. 8, 1931. Trans- 
actions of this Society, vol. 34, No. 2, pp. 215-230; April, 1932. 

Note on multiple Dirichlet and multiple factorial series. Read Sept. 9, 

1931. Annals of Mathematics, (2), vol. 33, No. 3, pp. 406-412; July, 1932. 

AGNEW, R. P. On double orthogonal series. Read Dec. 30, 1930, and Feb. 28, 
1931. Proceedings of the London Mathematical Society, (2), vol. 33, No. 6, 
pp. 420-434; March, 1932. 

—— On equivalence of methods of evaluation of sequences. Read April 3, 

1931. Téhoku Mathematical Journal, vol. 35, No. 2, pp. 244-252; May, 

1932. 

On deferred Cesiro means. Read Sept. 10, 1931. Annals of Mathematics, 

(2), vol. 33, No. 3, pp. 413-421; July, 1932. 

—— On summability of double sequences, Read March 26, 1932. American 
Journal of Mathematics, vol. 54, No. 4, pp. 648-656; Oct., 1932. 

ALBERT, A. A. On the construction of cyclic algebras with a given exponent. 

Read Sept. 9, 1931. American Journal of Mathematics, vol. 54, No. 1, pp. 

1-13; Jan., 1932. 

Normal division algebras of degree 2° and pure Riemann matrices. Read 

Dec. 28, 1931. Annals of Mathematics, (2), vol. 33, No. 2, pp. 311-318; 

April, 1932. 

— Normal division algebras of degree four over an algebraic field. Read 
Oct. 31, 1931. Transactions of this Society, vol. 34, No. 2, pp. 363-372; 
April, 1932. 

—— A construction of non-cyclic normal division algebras. Read April 9, 1932. 

This Bulletin, vol. 38, No. 6, pp. 449-456; June, 1932. 

On normal simple algebras. Read April 9, 1932. Transactions of this 

Society, vol. 34, No. 3, pp. 620-625; July, 1932. 

—— A note on normal division algebras of order sixteen. Read Aug. 31, 1932. 
This Bulletin, vol. 38, No. 10, pp. 703-706; Oct., 1932, 

ALBERT, A. A., and Hasse, H. A determination of all normal division algebras 
over an algebraic number field. Read April 9, 1932. These Transactions, 
vol. 34, No. 3, pp. 722-726; July, 1932. 

ALEXANDER, J. W., and CouEn, L. W. A classification of the homology groups 
of compact spaces. Read April 4, 1931. Annals of Mathematics, (2), vol. 
33, No. 3, pp. 538-566; July, 1932. 

ALTSHILLER-Court, N. On the isodynamic points of four spheres. Read Dec. 
28, 1931. American Mathematical Monthly, vol. 39, No. 4, pp. 193-199; 
April, 1932. 

Ayres, W. L. Note on a property of continuous arcs. Read Sept. 9, 1931. Pro- 
ceedings of the Cambridge Philosophical Society, vol. 27, No. 4, pp. 543-545; 
Oct., 1931, 
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—— On a certain neighborhood property. Read Nov. 28, 1931. Fundamenta 
Mathematicae, vol. 19, pp. 72-78; 1932. 

—— On joining finite subsets of a Peano space by arcs and simple closed 
curves. Read Aug. 30, 1929. Fundamenia Mathematicae, vol. 19, pp. 79- 
91; 1932. 

BarRnETT, I. A., and NaTHAN, D. S. Sphere geometry and the conformal group 
in function space. Read Nov. 30, 1929, and April 8, 1932. Proceedings of 
the National Academy of Sciences, vol. 18, No. 5, pp. 400-403; May, 1932. 

Barty, W., and MacMiiian, W. D. Permanent configurations in the prob- 
lem of four bodies. Read Sept. 2, 1932. Transactions of this Society, vol. 34, 
No. 4, pp. 838-875; Oct., 1932. 

Basoco, M. A. On the Fourier series expansions of certain Jacobian elliptic 
functions. Read Dec. 30, 1930. Téhoku Mathematical Journal, vol. 35, 
No. 1, pp. 35-42; Jan., 1932. 

—— Note on certain theta constants. Read Dec. 30, 1930. Téhoku Mathemati- 
cal Journal, vol. 35, No. 1, pp. 60-63; Jan., 1932. 

——— Fourier developments for certain pseudo-periodic functions in two varia- 
bles. Read Nov. 28, 1931. American Journal of Mathematics, vol. 54, No. 
2, pp. 242-252; April, 1932. 

—— On the trigonometric developments of certain doubly periodic functions 
of the second kind. Read April 8, 1932. This Bulletin, vol. 38, No. 8, pp. 
560-568; Aug., 1932. 

BaTeMAN, H. Relations between confluent hypergeometric functions. Read 
Sept. 9, 1931. Proceedings of the National Academy of Sciences, vol. 17, 
No. 12, pp. 689-690; Dec., 1931. 

Baten, W. D. A remainder for the Euler-Maclaurin summation formula in two 
independent variables. Read Dec. 31, 1930. American Journal of Mathe- 
matics, vol. 54, No. 2, pp. 265-275; April, 1932. 

BELL, C. On triangles in- and circumscribed to two cubic curves. Read Nov. 
29, 1930. Téhoku Mathematical Journal, vol. 36, No. 1, pp. 34-40; Aug., 
1932. 

BELL, E. T. A theory of certain fields of points. Read June 20, 1930. Bulletin 
dela Société Mathématique de Gréce, vol. 12, No. 2, pp. 98-108; 1931. 

—— On the real multiplication of elliptic functions. Read Nov. 28, 1931. 
Annals of Mathematics, (2), vol. 33, No. 2, pp. 207-213; April, 1932. 

BERNSTEIN, B. A. Note on the condition that a Boolean equation have a 
unique solution. Read April 11, 1931. American Journal of Mathematics, 
vol. 54, No. 2, pp. 417-418; April, 1932. 

—— On proposition *4.78 of Principia Mathematica. Read Oct. 31, 1931. 
This Bulletin, vol. 38, No. 6, pp. 388-391; June, 1932. 

—— Relation of Whitehead and Russell’s theory of deduction to the Boolean 
logic of propositions. Read June 20, 1929. This Bulletin, vol. 38, No. 8, 
pp. 589-593; Aug., 1932. 

—— On unit-zero Boolean representations of operations and relations. Read 
April 11, 1931. This Bulletin, vol. 38, No. 10, pp. 707-712; Oct., 1932. 

—— On Nicod’s reduction in the number of primitives of logic. Read Aug. 30, 
1932. Proceedings of the Cambridge Philosophical Society, vol. 28, No. 4, 
pp. 427-432; Oct., 1932. 
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BERNSTEIN, B. A., and DEBELY, N. A practical method for the modular repre- 
sentation of finite operations and relations. Read April 5, 1930. This Bulle- 
tin, vol. 38, No. 2, pp. 110-114; Feb., 1932. 

BirkuHorFfF, G. D. Probability and physical systems. Read Dec. 29, 1931. This 
Bulletin, vol. 38, No. 6, pp. 361-379; June, 1932. 

Bvack, A. H. Types of involutorial space transformations associated with cer- 
tain rational curves. Read Sept. 2, 1932. Transactions of this Society, 
vol. 34, No. 4, pp. 795-810; Oct., 1932. 

Buiss, G. A. The calculus of variations and the quantum theory. Read Dec. 
29, 1931. This Bulletin, vol. 38, No. 4, pp. 201-224; April, 1932. 

Biss, G. A., and SCHOENBERG, I. J. On the derivation of necessary conditions 
for the problem of Bolza. Read Oct. 29, 1932. This Bulletin, vol. 38, No. 
12, pp. 858-864; Dec., 1932. 

BLUMENTHAL, L. M. A complete characterization of proper pseudo d-cyclic 
sets of points. Read Dec. 28, i931. American Journal of Mathematics, 
vol. 54, No. 2, pp. 387-396; April, 1932. 

—— Concerning regular pseudo d-cyclic sets. Read March 25, 1932. American 
Journal of Mathematics, vol. 54, No. 4, pp. 729-738; Oct., 1932. 

BotsForp, J. L., and Micnat, A. D. An extension of the new Einstein geome- 

try. Read April 9, 1932. Proceedings of the National Academy of Sciences, 

vol. 18, No. 8, pp. 554-558; Aug., 1932. 

Simultaneous differential invariants of an affine connection and a general 
linear connection. Read Sept. 2, 1932. Proceedings of the National Academy 
of Sciences, vol. 18, No. 8, pp. 558-562; Aug., 1932. 

BRIDGMAN, P. W. Statistical mechanics and the second law of thermodynamics. 
Read Dec. 29, 1931. This Bulletin, vol. 38, No. 4, pp. 225-245; April, 
1932. Science, new ser., vol. 75, No. 1947, pp. 419-428; April 22, 1932. 

Brown, A. B. Topological invariance of sub-complexes of singularities. Read 
June 13, 1931. American Journal of Mathematics, vol. 54, No. 1, pp. 117- 
122; Jan., 1932. 

—— Group invariants and torsion coefficients. Read Sept. 9, 1931. Annals of 
Mathematics, (2), vol. 33, No. 2, pp. 373-376; April, 1932. 

—— On Morse’s duality relations for manifolds. Read March 25, 1932. Ameri- 
can Journal of Mathematics, vol. 54, No. 4, pp. 692-698; Oct., 1932. 
Brown, A. B., and Koopman, B. O. On the covering of analytic loci by com- 
plexes. Read Oct. 31, 1931. Transactions of this Society, vol. 34, No. 2, 

pp. 231-251; April, 1932. 

BucHANAN, H. E. Small oscillations of the neutral helium atom near the 
equilateral triangle positions. Read Dec. 30, 1930. American Mathematical 
Monthly, vol. 38, No. 9, part 1, pp. 511-521; Nov., 1931. 

BuRINGTON, R. S. An invariantive classification of plane cubic curves under the 
affine group. Read Sept. 10, 1931. Ohio State University, Graduate School, 
Abstracts of Doctors’ Dissertations, No. 6, pp. 29-38; June, 1931. 

Busu, L. E. Note on the discriminant matrix of an algebra. Read Nov. 28, 
1931. This Bulletin, vol. 38, No. 2, pp. 49-51; Feb., 1932. 

—— On the equivalence of the decompositions of an algebra with respect to 
a principal idempotent. Read Nov. 28, 1931. American Journal of Mathe- 
matics, vol. 54, No. 2, pp. 419-424; April, 1932. 
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Busu, V. The differential analyzer. A new machine for solving differential 
equations. Read Dec. 28, 1929. Journal of the Franklin Institute, vol. 
212, No. 4, pp. 447-488; Oct., 1931. 

—— See Gray, T.S. 

Cairns, S. S. The cellular division and approximation of n-dimensional regions. 
Read June 20, 1930. Annals of Mathematics, (2), vol. 33, No. 4, pp. 671- 
680; Oct., 1932. 

CampBELL, A. D. Pencils of quadrics in the Galois fields of order 2”. Read Dec. 
27, 1928. Téhoku Mathematical Journal, vol. 34, No. 2, pp. 236-248; 
Aug., 1931. 

—— Apolarity in the Galois fields of order 2". Read Dec. 28, 1931. This Bulle- 
tin, vol. 38, No. 2, pp. 52-56; Feb., 1932. 

Caruitz, L. The arithmetic of polynomials in a Galois field. Read Dec. 30, 
1930. American Journal of Mathematics, vol. 54, No. 1, pp. 39-50; Jan., 
1932. 

—— Note on Diophantine automorphisms. Read Dec. 30, 1930. This Bulle- 
tin, vol. 38, No. 4, pp. 246-250; April, 1932. 

—— New Diophantine automorphisms. Read April 11, 1931. This Bulletin, 
vol. 38, No. 4, pp. 271-276; April, 1932. 

—— On arrays of numbers. Read Nov. 29, 1930. American Journal of Mathe- 
matics, vol. 54, No. 4, pp. 739-752; Oct., 1932. 

—— On polynomials in a Galois field. Read Aug. 31, 1932. This Bulletin, 
vol. 38, No. 10, pp. 736-744; Oct., 1932. 

CARMICHAEL, R. D. Some recent researches in the theory of numbers. Read 
Dec. 31, 1931. American Mathematical Monthly, vol. 39, No. 3, pp. 139- 
162; March, 1932. 

—— Expansions of arithmetical functions in infinite series. Read Sept. 11, 
1930. Proceedings of the London Mathematical Society, (2), vol. 34, No. 1, 
pp. 1-26; May, 1932. 

—— Note on triple systems. Read Sept. 2, 1932. This Bulletin, vol. 38, No. 10, 
pp. 695-696; Oct., 1932. 

CARPENTER, A. F. A triad of ruled surfaces defined by reciprocal polars. Read 
June 13, 1931. This Bulletin, vol. 38, No. 2, pp. 95-100; Feb., 1932. 

Caver, W. Uber Funktionen mit positivem Realteil. Read Dec. 31, 1930. 
Mathematische Annalen, vol. 106, Nos. 2-3, pp. 369-394; March, 1932. 
——— The Poisson integral for functions with positive real part. Read Aug. 31, 

1932. This Bulletin, vol. 38, No. 10, pp. 713-717; Oct., 1932. 

CHURCHILL, R. V. On the geometry of the Riemann tensor. Read Dec. 1, 1928. 
Transactions of this Society, vol. 34, No. 1, pp. 126-152; Jan., 1932. 

—— Canonical forms for symmetric linear vector functions in pseudo-eu- 
clidean space. Read Nov. 28, 1931. Transactions of this Society, vol. 34, 
No. 4, pp. 784-794; Oct., 1932. 

CLARKSON, J. M. Some involutorial line transformations interpreted as points 
of V2 of S;. Read March 26, 1932. This Bulletin, vol. 38, No. 8, pp. 533- 
540; Aug., 1932. 

Cog, C. J. Exterior motion in the restricted problem of three bodies. Read Nov. 
29, 1929. Transactions of this Society, vol. 34, No. 4, pp. 811-837; Oct. 
1932. 
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CouHEn, L. W. See ALEXANDER, J. W. 

CoLeMAN, J. B. A coefficient of linear correlation based on the method of least 
squares and the line of best fit. Read Dec. 28, 1931. Annals of Mathe- 
matical Statistics, vol. 3, No. 2, pp. 79-85; May, 1932. 

Craic, A. T. On the distributions of certain statistics. Read Dec. 31, 1930. 
American Journal of Mathematics, vol. 54, No. 2, pp. 353-366; April, 1932. 

—— The simultaneous distribution of mean and standard deviation in small 
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1931. Annals of Mathematical Statistics, vol. 2, No. 2, pp. 154-164; May, 
1931. 

—— Sampling in the case of correlated observations. Read April 11, 1931. 
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—— On the composition of dependent elementary errors. Read April 11, 1931. 
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CraM_Et, C. M. A complete system of tensors of linear homogeneous second- 
order differential equations. Read Dec. 30, 1930. Transactions of this So- 
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Cummincs, L. D. Hexagonal systems of seven lines in a plane. Read Oct. 31, 
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—— Heptagonal systems of eight lines in plane. Read March 26, 1932. This 
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Currier, A. E. The variable end point problem of the calculus of variations 
including a generalization of the classical Jacobi conditions. Read April 
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Curry, H. B. Some additions to the theory of combinators. Read Dec. 28, 
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DEBELY, N. See BERNSTEIN, B. A. 

Dopp, E. L. Frequency laws showing stability with reference to the geometric 
mean and other means. Read Dec. 28, 1931. This Bulletin, vol. 38, No. 6, 
pp. 398-402; June, 1932. 

Doos, J. L. The boundary values of analytic functions. Read April 3, 1931. 
Transactions of this Society, vol. 34, No. 1, pp. 153-170; Jan., 1932. 

Dovuc tas, J. The problem of Plateau for two contours. Read Oct. 26, 1929, 
and Oct. 25, 1930. Journal of Mathematics and Physics of the Massachusetts 
Institute of Technology, vol. 10, No. 4, pp. 315-359; Dec., 1931; vol. 11, 
No. 2, p. 212; June, 1932. 

—— Systems of K-dimensional manifolds in an N-dimensional space. Read 
Dec. 27, 1928. Mathematische Annalen, vol. 105, No. 5, pp. 707-733; 
1931. 

—— Seven theorems in the problem of Plateau. Read Oct. 26, 1929, and Oct. 

25, 1930. Proceedings of the National Academy of Sciences, vol. 18, No. 1, 

pp. 83-85; Jan., 1932. 

One-sided minimal surfaces with a given boundary. Read Oct. 25, 1930. 

Transactions of this Society, vol. 34, No. 4, pp. 731-756; Oct., 1932. 
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Dye, L. A., and SHARPE, F. R. The quartic space involutorial transformations 
with a double conic. Read Dec. 28, 1931. American Journal of Mathe- 
matics, vol. 54, No. 3, pp. 499-504; July, 1932. 

E1EsLAnp, J. The ruled V2_; in S,. Second paper. Read Sept. 9, 1930. Téhoku 
Mathematical Journal, vol. 35, No. 2, pp. 306-322; May, 1932. 

Emcu, A. The symmetric (n, 2)-correspondence and some geometric applica- 
tions. Read Nov. 28, 1931. American Journal of Mathematics, vol. 54, 
No. 2, pp. 285-292; April, 1932. 

Evans, G. C. Complements of potential theory. Read Sept. 8, 1931. American 
Journal of Mathematics, vol. 54, No. 2, pp. 213-234; April, 1932. 

—— Note on the gradient of the Green’s function. Read Aug. 31, 1932. This 
Bulletin, vol. 38, No. 12, pp. 879-886; Dec., 1932. 

Fetp, J. M. The generalized pedal transformation and birational contact 
transformations. Read April 3, 1931. (Dissertation, Columbia.) Ham- 
burg, Liitcke and Wulff, 1931. 24 pp. 

—— The expansion of analytic functions in generalized Lambert series. Read 
June 20, 1930. Annals of Mathematics, (2), vol. 33, No. 1, pp. 139-142; 
Jan., 1932. 

Foster, R. M. Geometrical circuits of electrical networks. Read Nov. 28, 
1931. Transactions of the American Institute of Electrical Engineers, vol. 
51, No. 2, pp. 309-317; June, 1932. 

FRANKLIN, P. Algebraic matric equations. Read Oct. 27, 1928. Journal of 
Mathematics and Physics of the Massachusetts Institute of Technology, vol. 
10, No. 4, pp. 289-314; Dec., 1931. 

FRANKLIN, P., and Moore, C. L. E. Dual Pfaffians. Read Sept. 9, 1931. 
Journal of Mathematics and Physics of the Massachusetts Institute of 
Technology, vol. 11, No. 1, pp. 12-26; March, 1932. 

Futon, D. G., and Ratnicu, G. Y. Generalizations to higher dimensions of 
the Cauchy integral formula. Read Dec. 30, 1930. American Journal of 
Mathematics, vol. 54, No. 2, pp. 235-240; April, 1932. 

GARABEDIAN, H. L. Note on a theorem due to Bromwich. Read Aug. 31, 1932. 
This Bulletin, vol. 38, No. 8, pp. 541-544; Aug., 1932. 

GarVvER, R. Determinants and the roots of an equation. Read April 11, 1931. 
Journal of the Indian Mathematical Society, vol. 19, No. 7, pp. 156-160; 
Feb., 1932. 

—— The evaluation of a certain type of property. Read Sept. 11, 1931. The 
Accounting Review, vol. 7, No. 1, pp. 70-74; March, 1932. 

—— On the roots of a cubic and those of its derivative. Read Nov. 28, 1931. 
Mathematics News Letter (Baton Rouge, La.), vol. 6, Nos. 7-8, pp. 24-27; 
April-May, 1932. 

—— A note concerning a transformation on the Brioschi quintic. Read Sept. 9, 
1931. Tohoku Mathematical Journal, vol. 35, No. 2, pp. 253-256; May, 
1932. 

—— On the approximate solution of certain equations. Read March 25, 1932. 
American Mathematical Monthly, vol. 39, No. 8, pp. 476-478; Oct., 1932. 

GeuHMAN, H. M. Concerning sequences of homeomorphisms. Read Oct. 31, 
1931. Proceedings of the National Academy of Sciences, vol. 18, No. 6, pp. 
460-465; June, 1932. 

GrausTEIN, W. C. Parallelism and equidistance in classical differential geome- 
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try. Read Nov. 28, 1931. Transactions of this Society, vol. 34, No. 3, pp. 
557-593; July, 1932. 

Graves, L. M. On the Weierstrass condition in the problem of Bolza in the 
calculus of variations. Read Sept. 9, 1931. Annals of Mathematics, (2), 
vol. 33, No. 4, pp. 747-752; Oct., 1932. 

—— On an existence theorem of the calculus of variations. Read April 3, 1931. 
Monatshefte fiir Mathematik und Physik, vol. 39, No. 1, pp. 101-104; 1932. 

Gray, T. S. A photo-electric integraph. Read (by V. Bush) Dec. 28, 1929. 
Journal of the Franklin Institute, vol. 212, No. 1, pp. 77-102; July, 1931. 

Groat, B. F. Fundamental error in theory of viscosity. Read Dec. 27, 1929. 
Journal of Engineering Education, vol. 22, No. 5, pp. 379-383; Jan., 1932. 

GRONWALL, T. H. Summation of series and conformal mapping. Read Oct. 31, 
1925. Annals of Mathematics, (2), vol. 33, No. 1, pp. 101-117; Jan., 1932. 

—— An inequality for the Bessel functions of the first kind with imaginary 
argument. Read Sept. 9, 1931. Annals of Mathematics, (2), vol. 33, No. 
2, pp. 275-278; April, 1932. 

—— Ai special conformally euclidean space of three dimensions occurring in 
wave mechanics. Read Sept. 11, 1931. Annals of Mathematics, (2), vol. 
33, No. 2, pp. 279-293; April, 1932. 

Hancock, H. Equivalent (quadratic) ideals have the same lattice points. 
Read Dec. 29, 1926. Foundations of the Theory of Algebraic Numbers, vol. 
I, article 289; New York, MacMillan, 1931. 

Harry, C. H. An examination of some cut sets of space. Read Sept. 9, 1931. 
This Bulletin, vol. 38, No. 6, pp. 427-433; June, 1932. 

Hasse, H. Theory of cyclic algebras over an algebraic number field. Read 
Sept. 9, 1931. Transactions of this Society, vol. 34, No. 1, pp. 171-214; 
Jan., 1932. 

—— Additional note to the author’s “Theory of cyclic algebras over an 
algebraic number field.” Read Sept. 9, 1931. Transactions of this Society, 
vol. 34, No. 3, pp. 727-730; July, 1932. 

—— See ALBERT, A. A. 

HEDLUunND, G. A. Poincaré’s rotation number and Morse’s type number. Read 
Sept. 11, 1930. Transactions of this Society, vol. 34, No. 1, pp. 75-97; Jan., 
1932. 

—— Geodesics on a two-dimensional Riemannian manifold with periodic co- 
efficients. Read Sept. 11, 1930. Annals of Mathematics, (2), vol. 33, No. 4, 
pp. 719-739; Oct., 1932. 

Hickey, D. M. A three-dimensional treatment of groups of linear transforma- 
tions. Read Dec. 27, 1928. American Journal of Mathematics, vol. 54, No. 
4, pp. 635-647; Oct., 1932. 

HILDEBRANDT, E. H. Systems of polynomials connected with the Charlier ex- 
pansions and the Pearson differential and difference equations. Read Sept. 
11, 1931. Annals of Mathematical Statistics, vol. 2, No. 4, pp. 379-439; 
Nov., 1931. 

Hit.E, E. Summation of Fourier series. Read March 25, 1932. This Bulletin, 
vol. 38, No. 8, pp. 505-528; Aug., 1932. 

Hite, E., and TamarkIn, J. D. On the summability of Fourier series. I. 
Read Sept. 7, 1928, and March 25, 1932. Transactions of this Society, 
vol. 34, No. 4, pp. 757-783; Oct., 1932. 


910 FORTY-FIRST ANNUAL LIST OF PAPERS [December, 


Hottcrort, T. R. Hypersurfaces of order m in m dimensions. Read Dec. 27, 
1928. Téhoku Mathematical Journal, vol. 35, No. 1, pp. 1-7; Jan., 1932. 
Hopr, E. On the time average theorems in dynamics. Read Dec. 28, 1931. 
Proceedings of the National Academy of Sciences, vol. 18, No. 1, pp. 93- 

100; Jan., 1932. 

——— Theory of measure and invariant integrals. Read Sept. 11, 1931. Trans- 
actions of this Society, vol. 34, No. 2, pp. 373-393; April, 1932. 

HorsFALL, I. O. Transformations associated with the lines of a cubic, quadra- 
tic, or linear complex. Read Oct. 29, 1932. This Bulletin, vol. 38, No. 12, 
pp. 872-878; Dec., 1932. 

Hutt, R. The numbers of solutions of congruences involving only kth powers. 
Read Aug. 31, 1932. Transactions of this Society, vol. 34, No. 4, pp. 908— 
937; Oct., 1932. 

Huntincton, E. V. A new set of independent postulates for the algebra of 
logic with special reference to Whitehead and Russell’s Principia Mathe- 
matica. Read Dec. 28, 1931. Proceedings of the National Academy of Sci- 
ences, vol. 18, No. 2, pp. 179-180; Feb., 1932. 

Huntincton, E. V., and Rosincer, K. E. Postulates for separation of point- 
pairs (reversible order on a closed line). Read April 11, 1925. Proceedings 
of the American Academy of Arts and Sciences, vol. 67, No. 4, pp. 61-145; 
March, 1932. 

Hurwizz, W. A. Definition of a field by four postulates. Read March 26, 1932. 
Annals of Mathematics, (2), vol. 33, No. 3, pp. 403-405; July, 1932. 

INGRAHAM, M. H. Note on the reducibility of algebras without a finite base. 
Read Dec. 31, 1928. This Bulletin, vol. 38, No. 2, pp. 100-104; Feb., 1932. 

JEFFERY, R. L. Relative summability. Read Sept. 9, 1930. Annals of Mathe- 
matics, (2), vol. 33, No. 3, pp. 443-459; July, 1932. 

Non-absolutely convergent integrals with respect to functions of 
bounded variation. Read April 9, 1932. Transactions of this Society, vol. 
34, No. 3, pp. 645-675; July, 1932. 

Jones, B. W. On Selling’s method of reduction for positive ternary quadratic 
forms. Read Sept. 9, 1931. American Journal of Mathematics, vol. 54, 
No. 1, pp. 14-34; Jan., 1932. 

KasNneR, E. Complex geometry and relativity: theory of the “rac” curvature. 
Read Oct. 31, 1931. Proceedings of the National Academy of Sciences, vol. 
18, No. 3, pp. 267-274; March, 1932. 

——— General theorems in dynamics. Read March 25, 1932. Science, new ser., 
vol. 75, No. 1956, pp. 671-672; June 24, 1932. 

——— Geometry of the heat equation: First paper. Read Dec. 28, 1916. Pro- 
ceedings of the National Academy of Sciences, vol. 18, No. 6, pp. 475-480; 
June, 1932. 

KENNISON, L. S. Reflections in function space. Read Feb. 28, 1931. This Bulle- 
tin, vol. 38, No. 2, pp. 131-134; Feb., 1932. 

KetcuuM, P. W. Solution of partial differential equations by means of hyper- 
variables. Read March 29, 1929. American Journal of Mathematics, vol. 
54, No. 2, pp. 253-264; April, 1932. 

KIMBALL, B. F. Three theorems applicable to vibration theory. Read March 26, 
1932. This Bulletin, vol. 38, No. 10, pp. 718-723; Oct., 1932. 
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KIMBALL, W. S., and Kino, W. J. Theory of heat conduction and convection 
from a low hot vertical plate. Read April 3, 1931. Philosophical Maga- 
zine, (7), vol. 13, No. 87, pp. 888-906; May, 1932. 

Kino, W. J. See W. S. 

Koopman, B. O. See Brown, A. B. 

Lanczos, C. Electricity as a natural property of Riemannian geometry. Read 
Nov. 28, 1931. Physical Review, (2), vol. 39, No. 4, pp. 716-736; Feb. 
15, 1932. 

Lang, E. P. Surfaces and curvilinear congruences. Read April 9, 1932. Trans- 
actions of this Society, vol. 34, No. 3, pp. 676-688; July, 1932. 

LanGeER, R. E. A problem in diffusion or in the flow of heat for a solid in con- 

tact with a fluid. Read Sept. 12, 1930. Téhoku Mathematical Journal, 

vol. 35, No. 2, pp. 260-275; May, 1932. 

On the asymptotic solutions of differential equations with an applica- 

tion to the Bessel functions of large complex order. Read Sept. 9, 1931. 

Transactions of this Society, vol. 34, No. 3, pp. 447-480; July, 1932. 

LaPaz, L. Variation problems of which the extremals are minimal surfaces. 
Read Nov. 27, 1931. Acta Litterarum ac Scientiarum Regiae Universitatis 
Hungaricae Francisco-Josephinae, Szeged, vol. 5, Nos. 3-4, pp. 199-207; 
April, 1932. 

Lawton, W. S. On the zeros of certain polynomials related to Jacobi and 
Laguerre polynomials. Read March 26, 1932. This Bulletin, vol. 38, No. 
6, pp. 442-448; June, 1932. 

LeuMER, D. H. Arithmetic periodicities of Bessel functions. Read April 11, 
1931. Annals of Mathematics, (2), vol. 33, No. 1, pp. 143-150; Jan., 1932. 

—— A ternary analogue of abelian groups. Read June 13, 1931. American 
Journal of Mathematics, vol. 54, No. 2, pp. 329-338; April, 1932. 

—— Note on Mersenne numbers. Read April 2, 1927. This Bulletin, vol. 38, 
No. 6, pp. 383-384; June, 1932. 

—— Quasi-cyclotomic polynomials. Read Nov. 28, 1931. American Mathe- 
matical Monthly, vol. 39, No. 7, pp. 383-389; Aug.—Sept., 1932. 

—— An inversive algorithm. Read Aug. 31, 1932. This Bulletin, vol. 38, No. 
10, pp. 693-694; Oct., 1932. 

LeEvitzk1, J. On normal products of algebras. Read April 3, 1931. Annals of 
Mathematics, (2), vol. 33, No. 3, pp. 377-402; July, 1932. 

LitTavER, S. B., and SEIDEL, W. Lines of Julia of integral functions. Read 
Oct. 31, 1931. Proceedings of the National Academy of Sciences, vol. 18, 
No. 1, pp. 90-93; Jan., 1932. 

Lorcu, E. R. Elementary transformations. Read March 26, 1932. Annals of 
Mathematics, (2), vol. 33, No. 2, pp. 214-228; April, 1932. 

McCoy, N. H. On the resultant of three double binary forms. Read Feb. 28, 
1931. Annals of Mathematics, (2), vol. 33, No. 1, pp. 177-183; Jan., 1932. 

McEwen, W. H. On the approximate solution of linear differential equations 
with boundary conditions. Read Aug. 31, 1932. This Bulletin, vol. 38, No. 
12, pp. 887-894; Dec., 1932. 

McSuang, E. J. Ona certain inequality of Steiner. Read April 3, 1931. Annals 

of Mathematics, (2), vol. 33, No. 1, pp. 125-138; Jan., 1932. 

On the semi-continuity of double integrals in the calculus of variations. 
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Read Dec. 30, 1931. Annals of Mathematics, (2), vol. 33, No. 3, pp. 460- 
484; July, 1932. 

MacDurreeg, C. C. A method for determining the canonical basis of an ideal 
in an algebraic field. Read April 4, 1931. Mathematische Annalen, vol. 105, 
No. 5, pp. 663-665; Dec., 1931. 

W. D. See Bartxy, W. 

Marcu, H. W., and TRayer, G. W. The torsion of members having sections 
common in aircraft construction. Read April 6, 1928. National Advisory 
Committee for Aeronautics, Report No. 334; 15th Annual Report, pp. 673- 
719; 1929. 

—— Elastic instability of members having sections common in aircraft con- 
struction. Read April 3, 1931. National Advisory Committee for Aero- 
nautics, Report No. 382; 17th Annual Report, pp. 373-410; 1931. 

MARDEN, M. A rule of signs involving certain orthogonal polynomials. Read 
Sept. 12, 1930. Annals of Mathematics, (2), vol. 33, No. 1, pp. 118-124; 
Jan., 1932. 

—— A generalization of Weierstrass’ and Fekete’s mean-value theorems. Read 
Dec. 30, 1931. This Bulletin, vol. 38, No. 6, pp. 434-441; June, 1932. 
Maria, A. J. Examples of harmonic functions. Read Sept. 10, 1931. This 

Bulletin, vol. 38, No. 12, pp. 839-843; Dec., 1932. 

MENGE, W. O. On the rank of the product of certain square matrices. Read 
Dec. 30, 1930. This Bulletin, vol. 38, No. 2, pp. 88-94; Feb., 1932. 

Meyer, H. A. On certain inequalities with applications in actuarial theory. 
Read Dec. 30, 1929. Giornale di Matematica Finanziaria, (2), vol. 1, Nos. 
2-5, pp. 122-130; Feb.—Oct., 1931. 

Micnat, A. D. See BotsForp, J. L. 

Mmt_er, E. W. On subsets of a continuous curve which lie on an arc of the 
continuous curve. Read Nov. 30, 1928, and April 19, 1930. American 
Journal of Mathematics, vol. 54, No. 2, pp. 397-416; April, 1932. 

—— Solution of the Zarankiewicz problem. Read Oct. 29, 1932. This Bulle- 
tin, vol. 38, No. 12, pp. 831-834; Dec., 1932. 

Miter, N. Some extensions of the Schwarz-Stieltjes theorem of mean value 
and some consequences deduced therefrom. Read Sept. 9, 1931. Trans- 
actions of the Royal Society of Canada, (3), vol. 25, section 3, pp. 195-204; 
May, 1931. 

MitcHeELt, A. K. On a matrix differential operator. Read March 26, 1932. 
This Bulletin, vol. 38, No. 4, pp. 251-258; April, 1932. 

Moore, C. L. E. See FRANKLIN, P. 

Moore, C. N. On certain criteria for Fourier constants of L integrable func- 
tions. Read Sept. 9, 1931, and March 25, 1932. Proceedings of the National 
Academy of Sciences, vol. 18, No. 5, pp. 396-399; May, 1932. 

Moore, R. L. Foundations of point set theory. Read Aug. 27-30, 1929. 
American Mathematical Society Colloquium Publications, vol. 13; 1932. 
8+486 pp. 

Moritz, R. E. A new theory of depreciation of physical assets. Read June 13, 
1931. Annals of Mathematical Statistics, vol. 3, No. 2, pp. 108-125; May, 
1932. 

NaTHAN, D.S. See BARNETT, I. A. 
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NEELLEY, J. H. Concerning the possibility of certain binary quartics being line 
sections of the plane quartic curve of genus zero and the complete system 
of independent forms of two binary quartics. Read Sept. 9, 1930, and 
Dec. 30, 1930. Téhoku Mathematical Journal, vol. 35, No. 1, pp. 51-59; 
Jan., 1932. 

NEtson, C. A. On surfaces possessing a net of plane isothermally-conjugate 
curves. Read Dec. 27, 1928. American Journal of Mathematics, vol. 54, 
No. 2, pp. 314-328; April, 1932. 

OLDENBURGER, R. On canonical binary trilinear forms. Read April 9, 1932. 
This Bulletin, vol. 38, No. 6, pp. 385-387; June, 1932. 

Oxps, E. G. The nature of distributions in small samples. Read Dec. 31, 1930. 
University of Pittsburgh Bulletin, vol. 28, No. 4, pp. 134-144; Dec., 1931. 

Ore, O. Formale Theorie der linearen Differentialgleichungen. (Erster und 
Zweiter Teil.) Read Oct. 31, 1931. Journal fiir Mathematik, vol. 167, pp. 
221-234; 1932; vol. 168, No. 4, pp. 233-252; Dec., 1932. 

PALL, G. Large positive integers are sums of four or five values of a quadratic 
function. Read Nov. 29, 1930. American Journal of Mathematics, vol. 54, 
No. 1, pp. 66-78; Jan., 1932. 

— On sums of two or four values of 2 quadratic function of x. Read Nov. 29, 
1930. Transactions of this Society, vol. 34, No. 1, pp. 98-125; Jan., 1932. 

—— A class of universal functions. Read Dec. 28, 1931. This Bulletin, vol. 
38, No. 2, pp. 56-58; Feb., 1932. 

Parapiso, L. J. Solutions of bounded variation of the Fredholm-Stieltjes inte- 
gral equation. Read Dec. 31, 1930. This Bulletin, vol. 38, No. 4, pp. 255- 
258; April, 1932. 

PARKINSON, G. A. Pairs of curves in an S,. Read Nov. 29, 1929. Annals of 
Mathematics, (2), vol. 33, No. 4, pp. 649-657; Oct., 1932. 

PENNELL, W. O. Fourier series in three dimensions. Read Feb. 28, 1931, 
American Mathematical Monthly, vol. 39, No. 5, pp. 261-266; May, 1932. 

Poritsky, H. On certain polynomial and other approximations to analytic 
functions. Read Aug. 29, 1929, and Dec. 27, 1929. Transactions of this 
Society, vol. 34, No. 2, pp. 274-331; April, 1932. 

Rapé, T. Contributions to the theory of minimal surfaces. Read Sept. 11, 1931, 
and April 8, 1932. Acta Litterarum ac Scientiarum Regiae Universitatis 
Hungaricae Francisco-Josephinae, Szeged, vol. 6, No. 1, pp. 1-20; Sept., 
1932. 

Rarnicu, G. Y. See Futton, D. G. 

Raw es, T. H. A note on hypergeometric functions of two variables. Read 
Dec. 30, 1930. Annals of Mathematics, (2), vol. 33, No. 1, pp. 151-155; 
Jan., 1932. 

Rep, W. T. A boundary value problem associated with the calculus of varia- 
tions. Read Sept. 9, 1931. American Journal of Mathematics, vol. 54, No. 4, 
pp. 769-790; Oct., 1932. 

— On boundary value problems associated with double integrals in the 
calculus of variations. Read Dec. 31, 1930. American Journal of Mathe- 
matics, vol. 54, No. 4, pp. 791-801; Oct., 1932. 

Reynotps, C. N. Circuits upon polyhedra. Read Sept. 9, 1930. Annals of 
Mathematics, (2), vol. 33, No. 2, pp. 367-372; April, 1932. 
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Retz, H. L. On the Lexis theory and the analysis of variance. Read Dec. 28, 
1931. This Bulletin, vol. 38, No. 10, pp. 731-735; Oct., 1931. 

Rit, J. F. Differential equations from the algebraic standpoint. Read Feb. 28, 
1931, and Aug. 30-Sept. 2, 1932. American Mathematical Society Col- 
loquium Publications, vol. 14; 1932. 10+-172 pp. 

Roserts, J. H. Concerning topological transformations in E,. Read June 2, 
1928, and Nov. 28, 1930. Transactions of this Society, vol. 34, No. 2, pp. 
252-262; April, 1932. 

—— Concerning uniordered spaces. Read March 25, 1932. Proceedings of the 
National Academy of Sciences, vol. 18, No. 5, pp. 403-406; May, 1932. 
—— A property related to completeness. Read April 11, 1931. This Bulletin, 

vol. 38, No. 12, pp. 835-838; Dec., 1932. 

—— A point set characterization of closed 2-dimensional manifolds. Read 
Dec. 27, 1929, and Feb. 22, 1930. Fundamenta Mathematicae, vol. 18, pp. 
39-46; 1932. 

RoBertson, H. P. Groups of motions in spaces admitting absolute parallelism. 
Read Dec. 30, 1930. Annals of Mathematics, (2), vol. 33, No. 3, pp. 496- 
520; July, 1932. 

RosInceER, K. E. See HUNTINGTON, E. V. 

Rotu, W. E. On algebraic equations having only real roots. Read Nov. 28, 
1931. This Bulletin, vol. 38, No. 8, pp. 594-600; Aug., 1932. 

Rust, W. M. Integral equations and the cooling problem for several media. 
Read June 13, 1931. American Journal of Mathematics, vol. 54, No. 1, 
pp. 190-212; Jan., 1932. 

RuTLEDGE, G. The inverse matrix for de la Vallée-Poussin summation. Read 
March 25, 1932. Journal of Mathematics and Physics of the Massachusetts 
Institute of Technology, vol. 11, No. 1, pp. 73-82; March, 1932. 

ScuLaucn, H. M. Mixed systems of linear equations and inequalities. Read 
Dec. 27, 1929. American Mathematical Monthly, vol. 39, No. 4, pp. 218- 
222; April, 1932. 

SCHOENBERG, I. J. On finite and infinite completely monotonic sequences. 
Read Nov. 28, 1931. This Bulletin, vol. 38, No. 2, pp. 72-76; Feb., 1932. 

—— Some applications of the calculus of variations to Riemannian geometry. 
Read June 13, 1931. Annals of Mathematics, (2), vol. 33, No. 3, pp. 485- 
495; July, 1932. 

—— On finite-rowed systems of linear inequalities in infinitely many variables. 
Read Dec. 30, 1931. Transactions of this Society, vol. 34, No. 3, pp. 594— 
619; July, 1932. 

See Buss, G. A. 

ScHOONMAKER, H. E., and Snyper, V. Two involutorial transformations, of 
orders 11 and 9, associated with null reciprocities. Read Dec. 28, 1931. 
American Journal of Mathematics, vol. 54, No. 2, pp. 299-304; April, 1932. 

SEIDEL, W. On the cluster values of analytic functions. Read Dec. 30, 1930, 
and April 3, 1931. Transactions of this Society, vol. 34, No. 1, pp. 1-21; 
Jan., 1932. 

—— See LitTau_Er, S. B. 

SHARPE, F. R. See Dye, L. A. 
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SHERMAN, J., and SHoHAT, J. On the numerators of the continued fraction 


lx—q 
Academy of Sciences, vol. 18, No. 3, pp. 283-287; March, 1932. 

SuonatT, J. On Stieltjes continued fractions. Read Sept. 9, 1931. American 
Journal of Mathematics, vol. 54, No. 1, pp. 79-84; Jan., 1932. 

—— See SHERMAN, J. 

Srumons, H. A. Maximum numbers associated with the Diophantine equation 
(1/xxe Read April 16, 1927. American 
Mathematical Monthly, vol. 37, No. 3, pp. 137-142; March, 1930. 

——— Classes of maximum numbers and minimum numbers that are associated 
with certain symmetric equations in m reciprocals. Read April 4, 1931, 
Dec. 28, 1931, and April 9, 1932. Transactions of this Society, vol. 34, No. 
4, pp. 876-907; Oct., 1932. 

Smit, P. A. Properties of group manifolds. Read Oct. 31, 1931. Proceedings of 
the National Academy of Sciences, vol. 17, No. 12, pp. 674-675; Dec., 1931. 

SNYDER, V. See SCHOONMAKER, H, E. 

Stetson, H. E. Double function space. Read Dec. 30, 1930. Téhoku Mathe- 
matical Journal, vol. 34, No. 2, pp. 297-320; Aug., 1931. 

STEPHENS, R. Continuous transformations of abstract spaces. Read Dec. 28, 
1931. Transactions of this Society, vol. 34, No. 2, pp. 394-408; April, 1932. 

Stone, M. H. On one-parameter unitary groups in Hilbert space. Read Oct. 
25, 1930. Annals of Mathematics, (2), vol. 33, No. 3, pp. 643-648; July, 
1932. 

SrouFFerR, E. B. A geometrical determination of the canonical quadric of 
Wilczynski. Read April 9, 1932. Proceedings of the National Academy of 
Sciences, vol. 18, No. 3, pp. 252—255; March, 1932. 

—— On the contact of two space curves. Read April 9, 1932. This Bulletin, 
vol. 38, No. 6, pp. 415-419; June, 1932. 

SwINGLE, P. M. Biconnected and related sets. Read Dec. 31, 1930. American 
Journal of Mathematics, vol. 54, No. 3, pp. 525-535; July, 1932. 

SynGE, J. L. The apsides of general dynamical systems. Read Dec. 28, 1931. 
Transactions of this Society, vol. 34, No. 3, pp. 481-522; July, 1932. 

TAMARKIN, J. D. On a theorem of S. Bernstein-Widder. Read Sept. 9, 1931. 
Transactions of this Society, vol. 33, No. 4, pp. 893-896; Oct., 1931. 

—— On the compactness of the space Ly. Read Oct. 31, 1931. This Bulletin, 
vol. 38, No. 2, pp. 79-84; Feb., 1932. 

— See E. 

Tuomas, J. M. The condition for an orthonomic differential system. Read 
Oct. 31, 1931. Transactions of this Society, vol. 34, No. 2, pp. 332-338; 
April, 1932. 

TRAYER, G. W. See Marcu, H. W. 

Tryitzinsky, W. J. A synthesis of the theorems of Hadamard and Hurwitz 
on composition of singularities. Read Dec. 30, 1930. Proceedings of the 
National Academy of Sciences, vol. 17, No. 10, pp. 568-570; Oct., 1931. 

VanpIver, H.S. On the norm-residue symbol in the theory of cyclotomic 
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fields. Read Sept. 9, 1931. Proceedings of the National Academy of Sciences, 
vol. 16, No. 11, pp. 740-743; Nov., 1930. 

—— On the second factor of the class number of a cyclotomic field. Read Sept. 
9, 1931. Proceedings of the National Academy of Sciences, vol. 16, No. 11, 
pp. 743-749; Nov., 1930. 

—— Summary of results and proofs on Fermat’s last theorem (sixth paper). 
Read Sept. 9, 1931. Proceedings of the National Academy of Sciences, vol. 
17, No. 12, pp. 661-673; Dec., 1931. 
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Mathematici Helvetici, vol. 4, pp. 1-8; 1932. 

Wacker, E. A study of the Traité des Indivisibles of Gilles Persone de Rober- 
val. Read Jan. 1, 1926. Teachers College, Columbia University, Contribu- 
tions to Education, No. 446; 1932. 64-272 pp. 

WALL, H. S. On the expansion of an integral of Stieltjes. Read March 29, 1929. 
American Mathematical Monthly, vol. 39, No. 2, pp. 96-108; Feb., 1932. 

——— General theorems on the convergence of sequences of Padé approximants. 
Read April 3, 1931. Transactions of this Society, vol. 34, No. 2, pp. 409- 
416; April, 1932. 

—— On the relationship among the diagonal files of a Padé table. Read Sept. 
12, 1930. This Bulletin, vol. 38, No. 10, pp. 752-760; Oct., 1932. 

Watsu, J. L. On the overconvergence of certain sequences of rational func- 
tions of best approximation. Read Oct. 31, 1931. Acta Mathematica, vol. 
57, Nos. 3-4, pp. 411-435; 1931. 

—— On interpolation and approximation by rational functions with pre- 
assigned poles. Read Feb. 28, 1931. Transactions of this Society, vol. 34, 
No. 1, pp. 22-74; Jan., 1932. 

— An expansion of meromorphic functions. Read March 25, 1932. Pro- 
ceedings of the National Academy of Sciences, vol. 18, No. 2, pp. 165-171; 
Feb., 1932. 

—— On polynomial interpolation to analytic functions with singularities. 
Read March 25, 1932. This Bulletin, vol. 38, No. 4, pp. 289-294; April, 
1932. 

— On the overconvergence of sequences of rational functions. Read March 
25, 1932. American Journal of Mathematics, vol. 54, No. 3, pp. 559-570; 
July, 1932. 

— Interpolation and functions analytic interior to the unit circle. Read 
March 25, 1932. Transactions of this Society, vol. 34, No. 3, pp. 523-556; 
July, 1932. 

Warp, L. E. A third-order irregular boundary value problem and the associ- 
ated series. Read Oct. 31, 1931. Transactions of this Society, vol. 34, No. 2, 
pp. 417-434; April, 1932. 

Warp, M. The linear form of numbers represented by a homogeneous poly- 
nomial in any number of variables. Read April 11, 1931. Annals of Mathe- 
matics, (2), vol. 33, No. 2, pp. 324-326; April, 1932. 

WERTHE!MER, A. A generalized error function. Read Dec. 28, 1931. Annals of 

Mathematical Statistics, vol. 3, No. 1, pp. 64-77; Feb., 1932. 
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Wuite, H. S. The plane figure of seven real lines. Read Oct. 31, 1931. This 
Bulletin, vol. 38, No. 2, pp. 59-65; Feb., 1932. 

Wairtney, H. Congruent graphs and the connectivity of graphs. Read Feb. 28, 
1931. American Journal of Mathematics, vol. 54, No. 1, pp. 150-168; 
Jan., 1932. 

—— Note on Perron’s solution of the Dirichlet problem. Read Dec. 30, 1931. 
Proceedings of the National Academy of Sciences, vol. 18, No. 1, pp. 68-70; 
Jan., 1932. 

—— Regular families of curves. I. Read March 25, 1932. Proceedings of the 
National Academy of Sciences, vol. 18, No. 3, pp. 275-278; March, 1932. 

—— Regular families of curves. II. Read March 25, 1932. Proceedings of the 

National Academy of Sciences, vol. 18, No. 4, pp. 340-342; April, 1932. 

Non-separable and planar graphs. Read Oct. 25, 1930. Transactions of 

this Society, vol. 34, No. 2, pp. 339-362; April, 1932. 

—— A logical expansion in mathematics. Read Oct. 25, 1930. This Bulletin, 
vol. 38, No. 8, pp. 572-579; Aug., 1932. 

—— The coloring of graphs. Read Oct. 25, 1930. Annals of Mathematics, (2), 
vol. 33, No. 4, pp. 688-718; Oct., 1932. 

Wuyswury, G. T. On the decomposability of closed sets into a countable num- 
ber of simple sets of various types. Read Dec. 28, 1931. American Journal 
of Mathematics, vol. 54, No. 1, pp. 169-175; Jan., 1932. 

— Acertain transformation on metric spaces. Read March 25, 1932. Ameri- 

can Journal of Mathematics, vol. 54, No. 2, pp. 367-376; April, 1932. 

On the construction of simple arcs. Read Sept. 9, 1931. American Journal 

of Mathematics, vol. 54, No. 3, pp. 518-524; July, 1932. 

—— A note on spaces having the S property. Read Sept. 11, 1931. American 
Journal of Mathematics, vol. 54, No. 3, pp. 536-538; July, 1932. 

—— Concerning the proposition that every closed, compact, and totally dis- 
connected set of points is a subset of an arc. Read Sept. 9, 1930. Funda- 
menta Mathematicae, vol. 18, pp. 47-60; 1932. 

Wuysurn, W. M. On the integration of unbounded functions. Read Nov. 28, 
1931. This Bulletin, vol. 38, No. 2, pp. 122-131; Feb., 1932. 

Wiener, N. Tauberian theorems. Read Oct. 27, 1928. Annals of Mathematics, 
(2), vol. 33, No. 1, pp. 1-100; Jan., 1932. 

Wivper, R. L. A plane, arcwise connected and connected im kleinen point set 
which is not strongly connected im kleinen. Read Dec. 31, 1930. This 
Bulletin, vol. 38, No. 8, pp. 531-532; Aug., 1932. 

—— Point sets in three and higher dimensions and their investigation by 
means of a unified analysis situs. Read April 8, 1932. This Bulletin, vol. 
38, No. 10, pp. 649-692; Oct., 1932. 

—— On the imbedding of subsets of a metric space in Jordan continua. Read 
March 29, 1929. Fundamenta Mathematicae, vol. 19, pp. 45-64; 1932. 

Wirks, S. S. On the distribution of statistics in samples from a normal popula- 
tion of two variables with matched sampling of one variable. Read April 3, 
1931. Metron, vol. 9, Nos. 3-4, pp. 87-126; March, 1932. 

Witi1aMs, A. R. The transformation of lines of space effected by means of two 
quadratic reguli. Read Nov. 28, 1931. This Bulletin, vol. 38, No. 8, pp. 
554-559; Aug., 1932. 
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Witson, W. A. On upper semi-continuous decompositions of compact continua. 
Read Sept. 9, 1931. American Journal of Mathematics, vol. 54, No. 2, pp. 
377-386; April, 1932. 

—— On cyclic numbers of one-dimensional compact sets. Read Sept. 9, 1931. 
Transactions of this Society, vol. 34, No. 2, pp. 263-273; April, 1932. 

—— A relation between metric and euclidean spaces. Read March 25, 1932. 
American Journal of Mathematics, vol. 54, No. 3, pp. 505-517; July, 1932. 

—— On angles in certain metric spaces. Read March 25, 1932. This Bulletin, 
vol. 38, No. 8, pp. 580-588; Aug., 1932. 

YERUSHALMY, J. On the representative space Sy of the plane cubics. Read April 
4, 1931. American Journal of Mathematics, vol. 54, No. 1, pp. 129-144; 
Jan., 1932. 

ZaRISKI, O. On the topology of algebroid singularities. Read March 25, 1932. 
American Journal of Mathematics, vol. 54, No. 3, pp. 453-470; July, 1932. 

ZippPiN, L. Generalization of a theorem due to C. M. Cleveland. Read June 
21, 1929, and April 11, 1931. American Journal of Mathematics, vol. 54, 
No. 1, pp. 176-184; Jan., 1932. 

—— The Moore-Kline problem. Read June 13, 1931. Transactions of this 
Society, vol. 34, No. 3, pp. 705-721; July, 1932. 

ZyGmunp, A. On lacunary trigonometric series. Read March 25, 1932. Trans- 

actions of this Society, vol. 34, No. 3, pp. 435-446; July, 1932. 
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